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ARITHMETIC OF FUNCTION FIELD UNITS
BRUNO ANGLE`S AND FLORIC TAVARES RIBEIRO
Abstract. We prove a ”discrete analogue” for Taelman’s class modules of
certain Conjectures formulated by R. Greenberg for cyclotomic fields.
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1. Introduction
Let us recall some facts from classical cyclotomic theory (we refer the reader
to [30], chapters 13 and 15). Let p ≥ 3 be an odd prime number and let ∆ =
Gal(Q(µp)/Q). Let M be the projective limit for the norm map of the p-Sylow
subgroups of the ideal class groups along the cyclotomic Zp-extension of Q(µp) :
Q(µp∞). Let Γ = Gal(Q(µp∞)/Q(µp)), and let γ ∈ Γ such that:
∀ζ ∈ µp∞ , γ(ζ) = ζ1+p.
We can identify Zp[[Γ]] with Zp[[T ]] by sending γ to 1 + T. Therefore M is a
Zp[[T ]][∆]-module. Let χ ∈ ∆̂ := Hom(∆,Z×p ), and let eχ = 1p−1
∑
δ∈∆ χ(δ)δ
−1 ∈
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Zp[∆]. For χ ∈ ∆̂, we set:
Mχ = eχM.
ThenMχ is a finitely generated and torsion Zp[[T ]]-module. If χ is odd distinct from
the Teichmu¨ller character : ωp, B. Mazur and A. Wiles proved that the characteris-
tic ideal of the Zp[[T ]]-module Mχ is generated by some polynomial Pχ(T ) ∈ Zp[T ]
such that there exists Uχ(T ) ∈ Zp[[T ]]× with the property ([21]):
∀y ∈ Zp, Pχ((1 + p)y − 1)Uχ((1 + p)y − 1) = Lp(y, ωpχ−1),
where Lp(., ωpχ
−1) is the p-adic L-function attached to the even character ωpχ−1.
Observe that if Vandiver’s Conjecture is true for the prime p, then for χ odd, Mχ
is a cyclic Zp[[T ]]-module and for χ even: Mχ = {0}. R. Greenberg has conjectured
weaker statements (see [17]):
Pseudo-cyclicity Conjecture: If χ is odd then there exists an injective morphism of
Zp[[T ]]-modules between a cyclic Zp[[T ]]-module and Mχ such that the cokernel of
this morphism is finite;
Pseudo-nullity Conjecture: If χ is even then Mχ is finite.
These two conjectures are open.
L. Taelman has recently introduced new arithmetic objects associated to Drinfeld
modules ([26]): class modules and modules of units; in the case of the Carlitz
module, these latter objects have similar properties to that of the ideal class groups
and units of number fields (see for example [7]). While Greenberg’s Conjectures
are ”vertical” problems (one fixes a cyclotomic field and study the structures of
the p-class groups along the cyclotomic Zp-extension), in this article we consider
analogues of these problems for Taelman’s class modules but in the ”horizontal”
case.
Let Fq be a finite field having q elements and let θ be an indeterminate over Fq.
Let χ : ( AfA )
× → (Kac)× be a Dirichlet character of conductor f (see section 4.1),
where A = Fq[θ], and K
ac is a fixed algebraic closure of K = Fq(θ). Let L be the
fth cyclotomic function field (see [25], chapter 12). Let C be the Carlitz module
(see [13], chapter 3, and also section 2.6). Let’s consider the isotypic component of
Taelman’s class module ([26], [27]) attached to the fth cyclotomic function field :
Hχ := eχ(
L∞
OL + expC(L∞)
⊗Fq Fq(χ)),
where expC is the Carlitz exponential map ([13], chapter 3), OL is the integral
closure of A in L, Fq(χ) ⊂ Kac is the finite extension of Fq obtained by adjoining
to Fq the values of χ, and eχ ∈ Fq(χ)[Gal(L/K)] is the usual idempotent associated
to χ (note that f is square free). Then L. Taelman proved thatHχ is a finite A[χ] :=
Fq(χ)[θ]-module (see for example [26]). In this article, we study the A[χ]-module
structure of Hχ when χ runs through the infinite family of Dirichlet characters of
a given type (see 4.1).
Let n ≥ 1 be an integer and let t1, . . . , tn be n variables over K∞ := Fq((1θ )).
Let Tn(K∞) be the Tate algebra in the variables t1, . . . , tn with coefficients in K∞
(see [12], chapter 3). Let τ : Tn(K∞) → Tn(K∞) be the continuous morphism of
Fq[t1, . . . , tn]-algebras such that ∀x ∈ K∞, τ(x) = xq . Let φ : A→ A[t1, . . . , tn]{τ}
be the morphism of Fq-algebras such that:
φθ = (t1 − θ) · · · (tn − θ)τ + θ.
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Let expφ be the exponential function attached to φ, i.e. expφ is the unique element
in Tn(K∞){{τ}} such that expφ ≡ 1 (mod τ) and:
expφ θ = φθ expφ .
Then inspired by Taelman’s work ([26], [27], [28]), one can introduce a ”generic
class module” of level n (see [5]):
Hn :=
Tn(K∞)
A[t1, . . . , tn] + expφ(Tn(K∞))
.
Observe that Hn is an A[t1, . . . , tn]-module via φ, furthermore it is a finitely gen-
erated Fq[t1, . . . , tn]-module and a torsion A[t1, . . . , tn]-module (we refer the reader
to section 3 for more details). The terminology ”generic class module” comes from
the fact that the evaluations of elements of Tn(K∞) on elements of Fq
n
(Fq be-
ing the algebraic closure of Fq in K
ac) induce surjective morphisms from Hn to
isotypic components of Taelman’s class modules associated to Dirichlet characters
of type n. These generic class modules can be viewed as discrete analogues of the
Iwasawa modules discussed above, having in mind that the role of Zp is played
by Fq[t1, . . . , tn], the role of T is played by φθ. For example Mazur-Wiles Theo-
rem has an analogue in this situation, let n ≥ q, n ≡ 1 (mod q − 1) (this is the
analogue of the condition χ odd, χ 6= ωp, for Iwasawa modules), then there exists
B(t1, . . . , tn) ∈ A[t1, . . . , tn] which is a monic polynomial in θ, such that the Fitting
ideal of the A[t1, . . . , tn]-module Hn is generated by B(t1, . . . , tn) and ([5], Theorem
7.7):
(− 1)n−1q−1 B(t1, . . . , tn) π˜
ω(t1) · · ·ω(tn) = L(t1, . . . , tn),
where L(t1, . . . , tn) ∈ Tn(K∞)× is the L-series attached to φ/A[t1, . . . , tn] (see
section 3), and ω(t) is the Anderson-Thakur special function (see [2], and also [5]).
The reader can now easily guess what are the discrete analogues of Greenberg’s
Conjectures in our situation. We prove these discrete Greenberg’s Conjectures in
section 3.3 which was left as open questions in [5], more precisely:
Pseudo-cyclicity: let n ≥ 2, n ≡ 1 (mod q − 1), there exists an injective morphism
of A[t1, . . . , tn]-modules between a cyclic A[t1, . . . , tn]-module and Hn such that the
cokernel of this morphism is a finitely generated and torsion Fq[t1, . . . , tn]-module
(Theorem 3.17);
Pseudo-nullity: let n ≥ 2, n 6≡ 1 (mod q − 1), then Hn is a finitely generated and
torsion Fq[t1, . . . , tn]-module (Theorem 3.10).
By [5], Theorem 3.10 and Theorem 3.17 imply that there exists F (t1, . . . , tn) ∈
Fq[t1, . . . , tn] \ {0} (depending on the module structure of Hn) such that for every
Dirichlet character χ of type n verifying F (η1, . . . , ηn) 6= 0, then, if n ≡ 1 (mod q−
1), Hχ is a cyclic A[χ]-module and if n 6≡ 1 (mod q − 1) we have Hχ = {0}.
The paper is organized as follows: in section 2, we introduce a natural sub-
module of finite index in the module of Taelman’s units associated to a Drinfeld
module : the module of Stark units; we prove several basic properties of this module
and study its connection to L-series. In section 3, we show how the constructions
of section 2 can also be made in the context of deformation of Drinfeld modules
over Tate algebras; we then study in deep the arithmetic properties of Stark units
attached to deformations of the Carlitz module and their connections to L-series
leading to the proof of the discrete Greenberg Conjectures. In the last section,
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combining the ideas developed in section 2 and section 3, we prove a cyclicity
result involving the ”derivatives” of Dirichlet-Goss L-series.
The authors warmly thank David Goss for fruitful comments on an earlier version
of this article.
2. Stark Units
In this section, we construct a natural submodule of the module of Taelman’s
units associated to a Drinfeld module defined over the ring of integers of a finite
extension of K. The ideas developed in this section will be used in section 3 to
prove the discrete Greenberg Conjectures.
2.1. Preliminaries.
Let k be a field and let θ be an indeterminate over k. We set R = k[θ] and
K = k((1θ )). We endow K with the
1
θ -adic topology. An element x ∈ K× is said to
be monic if x = 1θm +
∑
i>m xi
1
θi , m ∈ Z, xi ∈ k.
Let M be a finite dimensional k-vector space which is an R-module, then there
exist r1, . . . , rn which are monic elements in R such that we have an isomorphism
of R-modules:
M ≃
n∏
j=1
R
rjR
.
We set:
[M ]R = r1 · · · rn,
the monic generator of the Fitting ideal of M . Observe that:
[M ]R = det
k[X]
((1⊗X)Id− (θ ⊗ 1) |M⊗kk[X]) |X=θ .
Therefore, ifM1,M,M2 are R-modules such thatM is a finite dimensional k-vector
space, and suppose that we have a short exact sequence of R-modules:
0→M1 →M →M2 → 0,
then:
[M ]R = [M1]R[M2]R.
Let V be a finite dimensional K-vector space. We recall the following basic fact:
Lemma 2.1. Let M be a sub R-module of V such that M is discrete in V. Let W
be the sub K-vector space of V generated by M. Then M is a finitely generated and
free R-module of rank dimKW.
Proof. Set n = dimKW. Choose ‖ · ‖ a norm of K-vector space on W . Since W is
closed in V, we deduce that M is discrete in W. Thus there exists m ∈M \{0} such
that ‖m‖ is minimal, so that Rm =M∩Km. In particular, when dimKW = 1, then
M = Rm is free of rank 1. Let M ′ be the image of M in W/Km. By induction, M ′
is free of rank n−1. Since we have a short exact sequence of torsion-free R-modules
0→ Rm→M →M ′ → 0
we deduce that M is a free R-module of rank n. 
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An R-lattice in V, M, is a sub R-module of V such that M is discrete in V
and M contains a K-basis of V. In particular, by the above Lemma, M is a free
R-module of rank dimK V.
Let M1 and M2 be two R-lattices in V. Let n = dimK V. Following [27], we will
define [M1 :M2]R ∈ K×. Select e1, . . . , en in M1 and f1, . . . , fn ∈M2 such that:
M1 = ⊕nj=1Rej andM2 = ⊕nj=1Rfj .
Then, observe that:
M1 = ⊕nj=1Kej = ⊕nj=1Kfj.
Let f : V → V be the K-linear map such that f(ei) = fi, i = 1, . . . , n. Let B be
the matrix of f in the basis (ei)i=1,...,n. then B ∈ GLn(K) and (detB)k× does
not depend on the choices of (ei)i=1,...,n and (fi)i=1,...n. Let x ∈ K× be the monic
element such that (detB)k× = xk×, then we set:
[M1 :M2]R = x.
Observe that [M1 :M2]R is well-defined.
IfM2 ⊂M1 then M1M2 is a finite dimensional k-vector space. Since R is a principal
ideal domain, there exists an R-basis (e1, . . . , en) ofM1, r1, . . . , rt, t monic elements
in R, t ≤ n, such that if we set fi = riei, i = 1, . . . , t, fi = ei, t + 1 ≤ i ≤ n, then
(f1, . . . , fn) is an R-basis of M2. Thus, we have:
[M1 :M2]R = [
M1
M2
]R.
If M1,M2,M3 are three R-lattices in V, then:
[M1 :M3]R = [M1 :M2]R[M2 : M3]R.
Let M1,M2 be two R-lattices in V. Let W be a sub K-vector space of V and let
N1, N2 be two R-lattices in W such that:
Mi ∩W = Ni, i = 1, 2.
Then M1N1 and
M2
N2
are two R-lattices in VW and we have:
[
M1
N1
:
M2
N2
]R =
[M1 :M2]R
[N1 : N2]R
.
Let G be a finite abelian group, we assume that | G | is prime to the characteristic
of k. Let k be an algebraic closure of k. We set Ĝ = Hom(G, k
×
). For χ ∈ Ĝ, let
k(χ) = k(χ(g), g ∈ G) ⊂ k, R(χ) = k(χ)[θ], and K(χ) = k(χ)((1θ )).
For χ ∈ Ĝ, we set:
eχ =
1
| G |
∑
g∈G
χ(g)g−1 ∈ k(χ)[G].
We also set:
[χ] = {ψ ∈ Ĝ, ψ = σ ◦ χ for someσ ∈ Gal(k(χ)/k)},
and:
e[χ] =
∑
ψ∈[χ]
eψ ∈ k[G].
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Let M be a k[G]-module. Then, for χ ∈ Ĝ, we set:
M(χ) = eχ(M ⊗k k(χ)).
We have :
⊕ψ∈[χ]M(ψ) = (e[χ]M)⊗k k(χ).
Let f ∈ R[G] ∩ Frac(R)[G]× and let ρf : R[G] → R[G] be the morphism of
R-modules given by the multiplication by f. Let detR ρf ∈ R ∩ Frac(R)× be the
determinant of the matrix of ρf with respect to the R-basis given by the elements
of G, then there exists a unique monic element detR f ∈ R such that:
(det
R
f)k× = (det
R
ρf )k
×.
Observe that detR f is well-defined. For χ ∈ Ĝ, we define f(χ) ∈ R(χ) by the
equality:
eχf = f(χ)eχ.
We get:
(det
R
f)k× = (
∏
χ∈Ĝ
f(χ))k×.
Let M be a finite dimensional k-vector space which is an R[G]-module. Let L/k
be a finite extension containing k(χ), then [eχ(M ⊗k L)]L[θ] does not depend on L.
Observe that:
∀σ ∈ Gal(k(χ)/k), σ([M(χ)]R(χ)) = [M(σ ◦ χ)]R(χ).
We set:
[M ]R[G] =
∑
χ∈Ĝ
[M(χ)]R(χ)eχ ∈ R[G] ∩ Frac(R)[G]×.
Then:
det
R
[M ]R[G] =
∏
χ∈Ĝ
[M(χ)]R(χ) = [M ]R.
Finally, observe that if M1,M,M2 are finite dimensional k-vector spaces that are
also R[G]-modules and such that we have an exact sequence of R[G]-modules:
O →M1 →M →M2 → 0,
then:
[M ]R[G] = [M1]R[G][M2]R[G].
Let V be a finite dimensional K-vector space which is a free K[G]-module. An
R[G]-lattice in V, is an R-lattice in V, M, such that M is an R[G]-module. Observe
that M is a free R[G]-module: for χ ∈ Ĝ, e[χ]M is a finitely generated e[χ]R[G]-
module without torsion and thus a free e[χ]R[G]-module (e[χ]R[G] is a principal
ideal domain). Let χ ∈ Ĝ, then M(χ) is an R(χ)-lattice in the finite dimensional
K(χ)-vector space V (χ).
Let M1,M2 be two R[G]-lattices in V. Observe that:
∀σ ∈ Gal(k(χ)/k), σ([M(χ) :M2(χ)]R(χ)) = [M1(σ ◦ χ) :M2(σ ◦ χ)]R(χ).
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We set:
[M1 :M2]R[G] =
∑
χ∈Ĝ
[M1(χ) :M2(χ)]R(χ)eχ ∈ K[G]×.
We have:
[M1 :M2]R =
∏
χ∈Ĝ
[M1(χ) :M2(χ)]R(χ).
Furthermore, if M2 ⊂M1, we have:
[M1 :M2]R[G] = [
M1
M2
]R[G].
Finally if M1,M2,M3 are three R[G]-lattices in V, then:
[M1 :M3]R[G] = [M1 : M2]R[G][M2 :M3]R[G].
2.2. Fq(z)[θ]-Drinfeld modules.
Let Fq be a finite field having q elements and let p be the characteristic of Fq.
Let θ be an indeterminate over Fq and let A = Fq[θ]. Let A+ be the set of monic
polynomials in A. For n ≥ 0, we denote by A+,n the set of elements of A+ of degree
n. Let K = Fq(θ) and K∞ = Fq((1θ )). Let C∞ be the completion of a fixed algebraic
closure of K∞ and let v∞ : C∞ → Q ∪ {+∞} be the valuation on C∞ normalized
such that v∞(θ) = −1.
Let z be an indeterminate over C∞. We still denote by v∞ the ∞-adic Gauss
valuation on C∞(z), i.e. if f ∈ C∞[z], f =
∑n
k=0 fnz
n, fn ∈ C∞, v∞(f) =
Inf{v∞(fk), k ∈ {0, . . . , n}}. Let F be a subfield of C∞ containingK∞ and complete
for v∞, we denote by Tz(F ) the completion of F [z] for v∞ and F˜ the completion
of F (z) for v∞. Then the Fq(z)-vector space generated by Tz(F ) is dense in F˜ .
Let L/K be a finite extension and let L∞ = L ⊗K K∞. Let OL be the integral
closure of A in L. Let S∞(L) be the set of places of L above∞. For each v ∈ S∞(L),
let ιv : L→ C∞ be the morphism of K-algebras corresponding to v, we denote by
Lv the field generated over K∞ by ιv(L). Let’s set:
L˜∞ = L⊗K K˜∞.
Observe that we have an isomorphism of K˜∞-algebras:
L˜∞ ≃
∏
v∈S∞(L)
L˜v.
Let τ : L˜∞ → L˜∞ be the continuous morphism of Fq(z)-algebras such that ∀x ∈
L, τ(x) = xq. Let O˜L be the Fq(z)-vector space generated by OL in L˜∞, and set
A˜ = Fq(z)[θ].
A Drinfeld A˜-module defined over O˜L, ϕ, is a morphism of Fq(z)-algebras ϕ :
A˜ → L˜∞{τ} such that ϕθ ≡ θ (mod τ). We denote by ϕ0 the trivial A˜-Drinfeld
module, i.e. ϕ0θ = θ.
Let ϕ be an A˜-Drinfeld module defined over O˜L, then there exists a unique
element expϕ ∈ L(z){{τ}} such that ([9], Proposition 2.3):
expϕ ≡ 1 (mod τ),
expϕ θ = ϕθ expϕ .
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Let’s set:
H(ϕ/O˜L) =
L˜∞
O˜L + expϕ(L˜∞)
.
Then, by [9], Proposition 2.6, H(ϕ/O˜L) is a finite dimensional Fq(z)-vector space
and an A˜-module via ϕ. Furthermore, by [9], Proposition 2.6, exp−1ϕ (O˜L) is an
A˜-lattice in L˜∞.
Let P be a non zero prime ideal of OL and let us denote by ϕ(
O˜L
PO˜L
) the Fq(z)-
vector space O˜L
PO˜L
viewed as an A˜-module via ϕ. Then, by [9], Theorem 2.7, the
following infinite product converges in K˜∞
×
:
L(ϕ/O˜L) :=
∏
P prime ideal of OL,P 6=(0)
[ O˜L
PO˜L
]A˜
[ϕ( O˜L
PO˜L
)]A˜
∈ K˜∞
×
.
Furthermore, we have ([9], Theorem 2.7):
L(ϕ/O˜L) = [O˜L : exp−1ϕ (O˜L)]A˜[H(ϕ/O˜L)]A˜.(1)
Observe that L(ϕ0/O˜L) = 1, expϕ0 = 1, exp−1ϕ0 (O˜L) = O˜L, H(ϕ0/O˜L) = {0}.
2.3. Integrality results.
Let ϕ be an A˜-Drinfeld module defined over O˜L such that ϕθ ∈ OL[z]{τ}. Denote
by Tz(L∞) the closure of L∞[z] in L˜∞. Then, we have an isomorphism of Tz(K∞)-
algebras:
Tz(L∞) ≃
∏
v∈S∞(L)
Tz(Lv).
Observe that τ |Tz(L∞): Tz(L∞) → Tz(L∞) is a continuous morphism of Fq[z]-
algebras. Since expϕ θ = ϕθ expϕ and expϕ ≡ 1 (mod τ), we deduce:
expϕ ∈ Tz(L∞){{τ}}.
Let’s set:
H(ϕ/OL[z]) =
Tz(L∞)
OL[z] + expϕ(Tz(L∞))
.
Let n = dimK L and let e1, . . . , en ∈ OL such that OL = ⊕ni=1Aei. Then:
Tz(L∞) = ⊕ni=1Tz(K∞)ei.
Let M = {x ∈ Tz(K∞), v∞(x) ≥ 1}, then:
Tz(L∞) = OL[z]⊕⊕ni=1Mei.
Since, by [9], Proposition 2.3, there exists an integer N ≥ 0 such that expϕ induces
an isomorphism of Fq[z]-module on ⊕ni=1 1θNMei, we deduce that H(ϕ/OL[z]) is a
finitely generated Fq[z]-module.
Lemma 2.2.
L(ϕ/O˜L) ∈ Tz(K∞)×.
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Proof. Let P be a non zero prime ideal in OL. Then we have an isomorphism of
A˜-modules:
O˜L
PO˜L
≃ OL
P
[z]⊗Fq[z] Fq(z).
Since OL
P
[z] is a free Fq[z]-module, we deduce that:
[ϕ(
O˜L
PO˜L
)]A˜ = det Fq[z,X](XId− ϕθ |OL
P
[z]
) |X=θ∈ A[z].
But :
degθ[ϕ(
O˜L
PO˜L
)]A˜ = dimFq
O˜L
P
= degθ[
O˜L
P
]A˜.
Therefore [ϕ( O˜L
PO˜L
)]A˜ is a monic polynomial in θ in A[z] having the same degree as
[ O˜L
P
]A˜ which is a monic polynomial in A. We get:
[ O˜L
PO˜L
]A˜
[ϕ( O˜L
PO˜L
)]A˜
∈ 1 + 1
θ
Fq[z][[
1
θ
]].
Since , by [9], Theorem 2.7, the infinite product
∏
P prime ideal of OL,P 6=(0)
[
O˜L
PO˜L
]A˜
[ϕ(
O˜L
PO˜L
)]A˜
converges in K˜∞, we deduce that:
L(ϕ/O˜L) ∈ 1 + 1
θ
Fq[z][[
1
θ
]].

Proposition 2.3.
1) Let U(ϕ/OL[z]) = {x ∈ Tz(L∞), expϕ(x) ∈ OL[z]}. Then exp−1ϕ (O˜L) is the
Fq(z)-vector space generated by U(ϕ/OL[z]).
2) U(ϕ/OL[z]) is a finitely generated A[z]-module.
Proof.
1) The proof is similar to that of [5], Proposition 5.4. For simplicity let’s denote by
V the Fq(z)-vector space generated by U(ϕ/OL[z]). Then clearly V ⊂ exp−1ϕ (O˜L).
Let N be a suitable neighborhood of zero in L˜∞ such that expϕ : N → N is an
isomorphism of Fq(z)-vector spaces. Let W be the Fq(z)-vector space generated by
Tz(L∞), then:
L˜∞ =W +N.
Let f ∈ exp−1ϕ (O˜L), then we can write:
f = g + h, g ∈W,h ∈ N.
Then:
expϕ(h) = expϕ(g)− expϕ(f) ∈W ∩N.
Therefore h ∈W. This implies that f ∈ V.
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2) Since exp−1ϕ (O˜L) is discrete in L˜∞, we deduce that U(ϕ/OL[z]) is discrete in
Tz(L∞). Furthermore, the K˜∞-vector space generated by exp−1ϕ (O˜L) is L˜∞, thus
we can select f1, . . . , fn ∈ U(ϕ/OL[z]) such that:
exp−1ϕ (O˜L) = ⊕ni=1A˜fi,
L˜∞ = ⊕ni=1K˜∞fi.
Set N = ⊕ni=1A[z]fi. Let V be the Tz(K∞)-module generated by N, then V =
⊕ni=1Tz(K∞)fi. Let W be the Tz(K∞)-module generated by U(ϕ/OL[z]). Then :
V ⊂W ⊂ Tz(L∞). In particular, W is a free Tz(K∞)-module of rank n = [L : K].
Observe that, because of 1), U(ϕ/OL[z]) ⊂ Fq(z)N , that is, if x ∈ U(ϕ/OL[z]),
then there exists δ ∈ Fq[z] \ {0} such that δx ∈ N. This implies that there exists
δ ∈ Fq[z] \ {0} such that :
δW ⊂ V.
Thus:
δU(ϕ/OL[z]) ⊂ V ∩ Fq(z)N = N.
This implies that U(ϕ/OL[z]) is a finitely generated A[z]-module. 
2.4. The canonical z-deformation of a Drinfeld module.
Let φ : A→ OL{τ} be a Drinfeld A-module, i.e. it is a morphism of Fq-algebras
such that:
φθ ≡ θ (mod τ).
Let expφ be the unique element in L{{τ}} such that expφ ≡ 1 (mod τ) and:
expφ θ = φθ expφ .
Following Taelman ([26]), let’s set:
H(φ/OL) =
L∞
OL + expφ(L∞)
.
Then H(φ/OL) is a finite A-module (via φ). Let’s also set:
U(φ/OL) = {x ∈ L∞, expφ(x) ∈ OL}.
Then U(φ/OL) is an A-lattice in L∞ and we have (see [27]):
L(φ/OL) = [OL : U(φ/OL)]A[H(φ/OL)]A,(2)
where:
L(φ/OL) =
∏
P prime ideal of OL,P 6=(0)
[OL
P
]A
[φ(OL
P
)]A
∈ K×∞.
Write:
φθ =
r∑
j=0
αjτ
j , αj ∈ OL, j = 0, . . . , r, α0 = θ.
The canonical z-deformation of φ, φ˜, is the A˜-module defined over O˜L given by:
φ˜θ =
r∑
j=0
zjαjτ
j ∈ OL[z]{τ}.
Then, one can easily verify that:
expφ˜ =
∑
j≥0
ejz
jτ j ,
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where expφ =
∑
j≥0 ejτ
j , ej ∈ L, j ≥ 0.
Proposition 2.4. H(φ˜/OL[z]) is a finitely generated and torsion Fq[z]-module. In
particular:
H(φ˜/O˜L) = {0}.
Proof. By section 2.3, H(φ˜/OL[z]) is a finitely generated Fq[z]-module. Observe
that, since expφ˜ ≡ 1 mod z :
Tz(L∞) = zTz(L∞) + expφ˜(Tz(L∞)).
Therefore, the multiplication by z on H(φ˜/OL[z]) gives rise to an exact sequnece
of finitely generated Fq[z]-modules:
0→ H(φ˜/OL[z])[z]→ H(φ˜/OL[z])→ H(φ˜/OL[z])→ 0,
where
H(φ˜/OL[z])[z] = {x ∈ H(φ˜/OL[z]), zx = 0}.
This implies that H(φ˜/OL[z])[z] = {0} and that H(φ˜/OL[z]) is a torsion Fq[z]-
module. Since the Fq(z)-module generated by Tz(L∞) is dense in L˜∞, we deduce
that the inclusion Tz(L∞) ⊂ L˜∞ induces an isomorphism of A˜-modules:
H(φ˜/OL[z])[z]⊗Fq[z] Fq(z) ≃ H(φ˜/O˜L).
This implies the second assertion of the Lemma.

Remark 2.5. Let φ be a Drinfeld A-module defined over OL. Let P be a non zero
prime ideal of OL. If φθ ≡ θ (mod P) then :
[φ(
OL
P
)]A = [
OL
P
]A = NL/K(P),
where for I 6= {0} an ideal of OL we set NL/K(I) = [OLI ]A. We also have:
[φ˜(
O˜L
PO˜L
)]A˜ = NL/K(P),
In this case, we set:
fP(z) = 0.
Thus we assume that φθ 6≡ θ (mod P). Let φ : A → OLP {τ} be the reduction
modulo P of φ. Set L = OL
P
. Let P be the monic irreducible element in A such that
P ∩ A = PA. Then:
NL/K(P) = P
m,
where dimFq L = m degθ P. We have:
O˜L
PO˜L
= L(z). Let’s observe that:
gP(z) := [φ˜(L(z))]A˜ ∈ A[z].
Furthermore:
gP(0) = P
m,
gP(1) = [φ(L)]A.
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Let’s make a simple observation. Let M be a finitely generated and free A-
module. Let u :M →M be an injective morphism of A-modules. Then:
(det
A
u)A = [
M
u(M)
]AA.
Let’s view L{τ} as a left A-module via φ. Then it is a finitely generated and free
A-module. We have an isomorphism of A-modules:
L{τ}
L{τ}(τ − 1) ≃ φ(L).
Let ρ : L{τ} → L{τ} be the morphism of A-modules given by :
ρ(x) = xτ.
Then:
(det
A
(Id− ρ))A = [φ(L)]AA.
Let X be a variable, and set:
F (X) = det
A[X]
((1 ⊗X)Id− ρ⊗ 1 |L{τ}⊗FqFq [X]) ∈ A[X ].
Since L{τ}
L{τ}τ is isomorphic as an A-module to L, we have:
F (0)A = PmA.
Now, observe that we have an isomorphism of A-modules:
L[z]{τ}
L[z]{τ}(τ − z) ≃ φ˜(L[z]).
Thus:
gP(z)A[z] = F (z)A[z].
Let’s set fP(z) = P
m − gP(z) ∈ zA[z]. If I is a non zero ideal of OL, write
I =
∏t
j=1P
nj
j its decomposition into prime ideals of OL, and write:
fI(z) =
t∏
j=1
fPj (z)
nj ∈ A[z].
Then, we have:
L(φ˜/O˜L) =
∑
I 6={0}
fI(z)
NL/K(I)
∈ Tz(K∞)×.
In particular:
L(φ˜/O˜L) |z=0= 1,
L(φ˜/O˜L) |z=1= L(φ/OL) =
∑
I 6={0}
fI(1)
NL/K(I)
∈ K×∞.
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2.5. Stark units for Drinfeld modules.
Let φ : A → OL{τ} be a Drinfeld A-module. Let ev : Tz(L∞) → L∞ be the
surjective morphism of Fq-vector spaces given by ∀f ∈ Tz(L∞), ev(f) = f |z=1 .
We set:
USt(φ/OL) = ev(U(φ˜/OL[z])).
We call USt(φ/OL) the A-module of Stark units relative to φ and OL. Since
ev(expφ˜) = expφ, USt(φ/OL) is a sub-A-module of U(φ/OL).
Let α : Tz(L∞)→ Tz(L∞) be the morphism of Fq[z]-modules given by:
∀x ∈ Tz(L∞), α(x) =
expφ˜(x)− expφ(x)
z − 1 ∈ Tz(L∞).(3)
Recall that H(φ˜/OL[z]) is an A[z]-module via φ˜. For f ∈ A[z], we set
H(φ˜/OL[z])[f ] = {x ∈ H(φ˜/OL[z]), fx = 0}.
Proposition 2.6. The map α induces an isomorphism of A-modules:
α :
U(φ/OL)
USt(φ/OL)
≃ H(φ˜/OL[z])[z − 1].
Proof.
Let x ∈ U(φ/OL), then:
(z − 1)α(x) = expφ˜(x) − expφ(x) ∈ OL + expφ˜(Tz(L∞)).
Therefore (z − 1)α(x) = 0 in H(φ˜/OL[z]), i.e. the image α(x) in H(φ˜/OL[z]) lies
in H(φ˜/OL[z])[z − 1]. Furthermore:
∀x ∈ Tz(L∞), α(θx) = φ˜θ(α(x)) + (
r∑
j=1
αj
zj − 1
z − 1 τ
j)(expφ(x)),
where φθ =
∑r
j=0 αjτ
j , αj ∈ OL. Thus α induces a morphism of A-modules α :
U(φ/OL)→ H(φ˜/OL[z])[z − 1].
Let x ∈ Tz(L∞) such that the image of x inH(φ˜/OL[z]) lies inH(φ˜/OL[z])[z−1].
Then:
(z − 1)x = a+ expφ˜(h), a ∈ OL[z], h ∈ Tz(L∞).
Write a = b + (z − 1)c, b ∈ OL, c ∈ OL[z], h = g + (z − 1)v, g ∈ L∞, v ∈ Tz(L∞).
Then:
0 = b+ expφ(g).
Thus:
b = − expφ(g) ∈ OL.
Thus g ∈ U(φ/OL). We get:
(z − 1)(x− c− expφ˜(v)) = expφ˜(g)− expφ(g) = (z − 1)α(g).
Thus the image of x in H(φ˜/OL[z]) is equal to the image of α(g) in H(φ˜/OL[z]).
This implies that α : U(φ/OL) → H(φ˜/OL[z])[z − 1] is a surjective morphism of
A-modules.
Let x ∈ USt(φ/OL). Then, there exist u ∈ U(φ˜/OL[z]) and h ∈ Tz(L∞) such
that:
x = u+ (z − 1)h.
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We get:
expφ˜(x) = expφ˜(u) + (z − 1) expφ˜(h).
Since expφ˜(u) ∈ OL[z] and ev(expφ˜(u)) = expφ(x) ∈ OL, we get:
expφ˜(x)− expφ(x) = (expφ˜(u)− expφ(x)) + (z − 1) expφ˜(h)
∈ (z − 1)(OL[z] + expφ˜(Tz(L∞))),
i.e. :
α(x) ∈ OL[z] + expφ˜(Tz(L∞)).
Thus USt(φ/OL) ⊂ Kerα.
Now, let x ∈ U(φ/OL) such that α(x) ∈ OL[z] + expφ˜(Tz(L∞)). Then:
expφ˜(x) ∈ OL[z] + expφ˜((z − 1)Tz(L∞)).
Thus x ∈ U(φ˜/OL[z]) + (z − 1)Tz(L∞). Thus:
x = ev(x) ∈ ev(U(φ˜/OL[z])) = USt(φ/OL).
Therefore Kerα = USt(φ/OL). 
Theorem 2.7.
U(φ/OL)
USt(φ/OL)
is a finite A-module and:
[H(φ/OL)]A = [
U(φ/OL)
USt(φ/OL)
]A.
In particular:
L(φ/OL) = [OL : USt(φ/OL)]A.
Proof.
By Proposition 2.4, H(φ˜/OL[z]) is a finite dimensional Fq-vector space, thus a
finite A-module (via φ˜). In particular H(φ˜/OL[z])[z−1] is a finite A-module. Thus
Proposition 2.6 implies that U(φ/OL)USt(φ/OL) is a finite A-module.
Observe that the map ev induces an exact sequence of A-modules:
0→ (z − 1)H(φ˜/OL[z])→ H(φ˜/OL[z])→ H(φ/OL)→ 0.
Therefore the multiplication by z−1 on H(φ˜/OL[z]) gives rise to an exact sequence
of finite A-modules:
0→ H(φ˜/OL[z])[z − 1]→ H(φ˜/OL[z])→ H(φ˜/OL[z])→ H(φ/OL)→ 0.
This implies that (recall that if 0→M2 → M1 →M3 → 0 is an exact sequence of
finite A-modules then [M1]A = [M2]A[M3]A):
[H(φ˜/OL[z])[z − 1]]A = [H(φ/OL)]A.
It remains to apply Proposition 2.6 and formula (2). 
Lemma 2.8. Let φ be an A-Drinfeld module defined over OL. Let E/L be a finite
extension. The inclusion L ⊂ E induces a natural injective morphism of K∞-
algebras: ιE/L : L∞ →֒ E∞. Then:
1) ιE/L(USt(φ/OL)) ⊂ USt(φ/OE);
2) USt(φ/OE) ∩ ιE/L(L∞) = ιE/L(USt(φ/OL));
3) TrE/L(USt(φ/OE)) ⊂ USt(φ/OL).
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Proof. Let’s denote the natural morphism of Tz(K∞)-algebras induced by the in-
clusion L ⊂ E by ι′E/L : Tz(L∞) →֒ Tz(E∞). Then:
ι′E/L(U(φ˜/OL[z])) ⊂ U(φ˜/OE [z]).
Since ev ◦ ι′E/L = ιE/L ◦ev, we get 1). Let TrE/L : E → L be the trace map relative
to the extension E/L. Then TrE/L induces a continuous morphism of K∞-algebras
still denoted by TrE/L : E∞ → L∞ and a continuous morphism of Tz(K∞)-algebras
Tr′E/L : Tz(E∞)→ Tz(L∞). Observe that:
ev ◦ Tr′E/L = TrE/L ◦ ev.
For x ∈ Tz(E∞), we have:
Tr′E/L(expφ˜(x)) = expφ˜(Tr
′
E/L(x)).
Since Tr′E/L(OE [z]) ⊂ OL[z], we get :
Tr′E/L(U(φ˜/OE [z])) ⊂ U(φ˜/OL[z]).
Thus we get 3). Now, we observe that:
OE [z] ∩ ι′E/L(Tz(L∞)) = ι′E/L(OL[z]).
This is an easy consequence of the following fact: let e1, . . . , ek, . . . en be a basis of
E over K where e1, . . . , ek is a basis of L. Then one can write any x ∈ E˜∞ in a
unique way as x =
∑n
i=1 ei ⊗ λi with λi ∈ K˜∞. This implies:
U(φ˜/OE [z]) ∩ ι′E/L(Tz(L∞)) = ι′E/L(U(φ˜/OL[z])).
Therefore, we get 2). 
Corollary 2.9. Let φ be a Drinfeld A-module defined over OL. let E/L be a finite
extension. Then:
[H(φ/OE)]A
[H(φ/OL)]A
∈ A.
Furthermore OEιE/L(OL) and
USt(φ/OE)
ιE/L(USt(φ/OL))
are two A-lattices in the finite dimen-
sional K∞-vector space E∞ιE/L(L∞) and we have:
[
OE
ιE/L(OL)
:
USt(φ/OE)
ιE/L(USt(φ/OL))
]A =
L(φ/OE)
L(φ/OL) .
Proof. By Lemma 2.8, ιE/L induces an injective morphism of A-modules:
U(φ/OL)
USt(φ/OL)
→֒ U(φ/OE)
USt(φ/OE)
.(4)
By Theorem 2.7, the above A-modules are finite, thus:
[ U(φ/OE)USt(φ/OE) ]A
[ U(φ/OL)USt(φ/OL) ]A
∈ A.
Applying again Theorem 2.7, we get:
[H(φ/OE)]A
[H(φ/OL)]A
∈ A.
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Furthermore, by (4), we also have:
[
U(φ/OE)
USt(φ/OE) + ιE/L(U(φ/OL))
]A =
[H(φ/OE)]A
[H(φ/OL)]A
.
Observe that OE ∩ ιE/L(L∞) = ιE/L(OL). Now OEιE/L(OL) is an A-lattice in
E∞
ιE/L(L∞)
. By Lemma 2.8 and Theorem 2.7, we also have that USt(φ/OE)ιE/L(USt(φ/OL)) is
an A-lattice in E∞ιE/L(L∞) . We have:
[
OE
ιE/L(OL)
:
USt(φ/OE)
ιE/L(USt(φ/OL))
]A =
[OE : USt(φ/OE)]A
[OL : USt(φ/OL)]A
.
It remains to apply Theorem 2.7. 
Lemma 2.10. Let φ be a Drinfeld A-module defined over OL. Let E/L be a finite
Galois extension and let G = Gal(E/L). Then U(φ/OE) and USt(φ/OE) are A[G]-
modules and:
U(φ/OE)
G = ιE/L(U(φ/OL)),
USt(φ/OE)
G = ιE/L(USt(φ/OL)).
Proof. We prove the assertion for Stark units. Observe that expφ˜ : Tz(E∞) →
Tz(E∞) is a morphism of Fq[z][G]-modules. Thus U(C˜/OE [z]) is an A[z][G]-
module. Since ev : Tz(E∞) → E∞ is a morphism of A[G]-modules, we deduce
that USt(φ/OE) is a A[G]-module. Now, observe that:
EG∞ = ιE/L(L∞).
Therefore, by Lemma 2.8, we get:
USt(φ/OE)
G = Ust(φ/OE) ∩ ιE/L(L∞) = ιE/L(USt(φ/OL)).

Proposition 2.11. Let ϕ be a Drinfeld A˜-module defined over O˜L. Let E/L be
a finite abelian extension of degree prime to the characteristic of Fq, and let G =
Gal(E/L). Then:
[O˜E : U(ϕ/O˜E)]A˜[G][H(ϕ/O˜E)]A˜[G] =
∏
P prime ideal of OL,
P 6={0}
[ O˜E
PO˜E
]A˜[G]
[ϕ( O˜E
PO˜E
)]A˜[G]
∈ K˜∞[G]×.
Proof. The above result is a consequence of the proof of [7], Theorem A. We refer
the reader to [27], [7], [9], [10], for the background on the class number formula.
We only give a sketch of the proof. We also suspect that this equivariant formula
can also be deduced from [11], working over Fq(z) instead of working over Fq.
Recall that OE is a free A[G]-module. Set k = Fq(z). Let F/k be the finite
extension obtained by adjoining to k the elements χ(g), ∀χ ∈ Ĝ, ∀g ∈ G.
We have an exact sequence of A˜[G]-modules (the module in the center is a A˜-
module via ϕ):
O → E˜∞
U(ϕ/O˜E)
→ E˜∞
O˜E
→ H(ϕ/O˜E)→ 0.
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Since E˜∞
U(ϕ/O˜E)
is a divisible A˜[G]-module and A˜[G] is a principal ideal ring, the
above sequence of A˜[G]-modules splits. We obtain an isomorphism of A˜[G]-modules:
γ :
E˜∞
U(ϕ/O˜E)
×H(ϕ/O˜E) ≃ E˜∞
O˜E
.
We still denote by τ the continuous morphism of F (z)-algebras: τ ⊗1 : E˜∞⊗kF →
E˜∞⊗kF. Let χ ∈ Ĝ, by [7], proof of Theorem A and [9], Proposition 3.7, we deduce
that
[eχ(H(ϕ/O˜E)⊗k F )]F [θ][eχ(O˜E ⊗k F ) : eχ(U(ϕ/O˜E)⊗k F )]F [θ]
is equal to
det
F [[Z]]
(1 + Θ | L˜∞ ⊗A˜ eχ(O˜E ⊗k F )
eχ(O˜E ⊗k F )
) |Z=θ−1 ,
where we refer the reader to [9], section 3.1, for the definition of detF [[Z]](.), and
where :
Θ =
∑
n≥1
(θ − ϕθ)θn−1Zn ∈ O˜L{τ}[[Z]].
Now, observe that eχ(O˜E ⊗k F ) is a finitely generated and projective O˜L-module.
Therefore, by an adaptation of [27] , Theorem 3, similar to that made in [9], and
by [7], paragraph 6.4, if we set M = eχ(O˜E ⊗k F ), we get:
det
F [[Z]]
(1 + Θ | L˜∞ ⊗A˜ M
M
) =
∏
P
det
F [[Z]]
(1 + Θ | M
PM
)−1,
where the product is over the maximal ideals of OL. But observe that:
∏
P
( det
F [[Z]]
(1 + Θ | M
PM
) |Z=θ−1)−1 =
∏
P
[ M
PM ]F [θ]
[ϕ( M
PM )]F [θ]
.
Thus, we get the desired equivariant formula. The reader will notice that the above
reasoning works also for Drinfeld A-modules leading to Fang’s relative equivariant
class number formula ([11], Theorem 1.13) . 
Corollary 2.12. Let φ be a Drinfeld A-module defined over OL. Let E/L be a finite
abelian extension of degree prime to the characteristic of Fq, and let G = Gal(E/L).
Then:
[
U(φ/OE)
USt(φ/OE)
]A[G] = [H(φ/OE)]A[G].
We also have:
[OE : USt(φ/OE)]A[G] =
∏
P prime ideal of OL,P 6={0}
[ OE
POE
]A[G]
[φ( OE
POE
)]A[G]
∈ K∞[G]×.
Proof. By Lemma 2.10, we have that U(φ/OE) and USt(φ/OE) are A[G]-lattices
in E∞. Now, observe that the map α of Proposition 2.6 induces an isomorphism of
A[G]-modules:
U(φ/OE)
USt(φ/OE)
≃ H(φ˜/OE [z])[z − 1].
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Thus, using similar arguments as that used in the proof of Theorem 2.7, we get the
first assertion. The second assertion is a consequence of the first assertion and [11],
Theorem 1.13 (see also the proof of Proposition 2.11). 
Let φ be a Drinfeld A-module defined over OL. Let P be a monic irreducible
element in A, and let P1, . . . ,Pt be the distinct maximal ideals of OL above P.
Write POL = P
e1
1 · · ·Pett . Then we have an exact sequence of A-modules:
0→
t∏
j=1
Pj
P
ej
j
→ OL
POL
→
t∏
j=1
OL
Pj
→ 0.
Now, observe that ∀n ≥ 1, for j = 1, . . . , t, τ(Pnj ) ⊂ Pn+1j . This implies:
[ OLPOL ]A
[φ( OLPOL )]A
=
t∏
j=1
[OL
Pj
]A
[φ(OL
Pj
)]A
.
Therefore:
L(φ/OL) =
∏
P
[ OLPOL ]A
[φ( OLPOL )]A
,
where P runs through the monic irreducible elements in A. Now let E/L be a
finite abelian extension of degree prime to the characteristic of Fq. Then, the above
discussion implies:
L(φ/(OE/OL), G) :=
∏
P prime ideal of OL,P 6={0}
[ OE
POE
]A[G]
[φ( OE
POE
)]A[G]
=
∏
P
[ OEPOE ]A[G]
[φ( OEPOE )]A[G]
.
Let P be a monic irreducible element in A, since OE is a free A[G]-module, we
have:
[
OE
POE
]A[G] = P
[L:K]1G,
[φ(
OE
POE
)]A[G] = det
Fq[G][Z]
((1 ⊗ Z)Id− φθ ⊗ 1 | OE
POE
⊗FqFq[Z]
)Z=θ.
If φ˜ is the canonical z-deformation of φ, then:
L(φ˜/O˜L) =
∏
P
[ OL[z]POL[z] ]A[z]
[φ( OL[z]POL[z] )]A[z]
,
where, for P a monic irreducible prime of A, we have:
[
OL[z]
POL[z]
]A[z] = P
[L:K],
[φ(
OL[z]
POL[z]
)]A[z] = det
Fq [z][Z]
((1 ⊗ Z)Id− φθ ⊗ 1 | OL[z]
POL[z]
⊗FqFq [Z]
)Z=θ.
And also:
L(φ˜/(O˜E/O˜L), G) :=
∏
P prime ideal of OL,P 6={0}
[ O˜E
PO˜E
]A˜[G]
[φ˜( O˜E
PO˜E
)]A˜[G]
=
∏
P
[ OE [z]POE [z] ]A[z][G]
[φ˜( OE [z]POE [z])]A[z][G]
,
where, for a monic irreducible element P of A, we have:
[
OE [z]
POE [z]
]A[z][G] = P
[L/K]1G,
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[φ˜(
OE [z]
POE [z]
)]A[z][G] = det
Fq [G][z,Z]
((1⊗ Z)Id− φ˜θ ⊗ 1 | OE [z]
POE [z]
⊗Fq Fq[Z]
)Z=θ.
In particular, since L(φ˜/(O˜E/O˜L), G) converges in K˜∞[G], we get that:
L(φ˜/(O˜E/O˜L), G) ∈ (Tz(K∞)[G])×.
Theorem 2.13. Let φ be a Drinfeld A-module defined over A. Let E/K be a finite
abelian extension of degree prime to the characteristic of Fq. Let G = Gal(E/K).
Then:
L(φ˜/(O˜E/A˜), G)OE [z] = U(φ˜/OE [z]).
In particular:
USt(φ/OE) = L(φ/(OE/A), G)OE .
Proof. Since OE is a free A[G]-module of rank one, we observe that O˜E is a free
A˜[G]-module of rank one. It is also the case for U(φ˜/O˜E). Write:
O˜E = A˜[G]η,
for some η ∈ OE , and:
U(φ˜/O˜E) = A˜[G]ε,
for some ε ∈ U(φ˜/OE [z]) (we can find such an element by Proposition 2.3). Then:
E˜∞ = K˜∞[G]η = K˜∞[G]ε.
This implies that there exists f ∈ (K˜∞[G])× such that:
ε = fη.
We have:
Tz(E∞) = Tz(K∞)[G]η.
Thus f ∈ Tz(K∞)[G]. Furthermore, by Proposition 2.11, we have:
L(φ˜/(O˜E/A˜), G) = δf,
for some δ ∈ (Fq(z)[G])×. But we have that L(φ˜/(O˜E/A˜), G) ∈ (Tz(K∞)[G])×.
This implies that x := 1δ ∈ Fq[z][G]. We get:
expφ˜(ε) ∈ xTz(E∞) ∩OE [z] = xOE [z].
The above equality comes from the fact that xTz(K∞)[G] ∩ A[z][G] = xA[z][G].
Set:
u =
1
x
ε = δε ∈ U(φ˜/O˜E),
then:
expφ˜(u) ∈ OE [z].
We have:
u = L(φ˜/(O˜E/A˜), G)η ∈ Tz(E∞).
Thus:
u ∈ U(φ˜/OE [z]).
Therefore:
L(φ˜/(O˜E/A˜), G)OE [z] = A[z][G]u ⊂ U(φ˜/OE [z]).
This also implies that:
Tz(E∞) = Tz(K∞)[G]u.
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Now, let m ∈ U(φ˜/OE [z]). Since U(φ˜/O˜E) = A˜[G]u, by Proposition 2.3, there
exists x ∈ Fq[z] \ {0} such that xm ∈ A[z][G]u. But :
A[z][G] ∩ xTz(K∞)[G] = xA[z][G].
Thus m ∈ A[z][G]u. Therefore :
U(φ˜/OE [z]) = A[z][G]u = L(φ˜/(O˜E/A˜), G)OE [z].

2.6. An example.
Let C˜ : A˜→ A˜{τ} be the Drinfeld A˜-module defined over A˜ given by:
C˜θ = zτ + θ.
Then:
expC˜ =
∑
j≥0
zj
Dj
τ j ∈ K(z){{τ}},
where D0 = 1, and for i ≥ 1, Di = (θqi − θ)Dqi−1.
Let L/K be a finite extension and let E/L be a finite abelian extension of degree
prime to the characteristic of Fq. Let G = Gal(E/L). Let P be a maximal ideal of
OL. Let GP ⊂ G be the decomposition group of P in E/L. Fix M a maximal ideal
of OE above P. Le IP be the inertia group of P in E/L, and let’s define:
σP =
1
| IP |
∑
δ ∈ Fq[GP],
where the sum is over the elements δ ∈ GP such that the image of δ in GPIP is the
Frobenius of the extension OE
M
/OL
P
.
Lemma 2.14. Let P be a non zero prime ideal of OL and let P be the prime of A
such that PA = P ∩ A. Write [OL
P
]A = P
m, m ≥ 1. Then:
[
O˜E
PO˜E
]A˜[G] = P
m1G,
[C˜(
O˜E
PO˜E
)]A˜[G] = P
m1G − zmdegθPσP.
Furthermore, if P is unramified in E, then we have an isomorphism of A˜[G]-
modules:
C˜(
O˜E
PO˜E
) ≃ A˜[G]
(Pm1G − zm degθ PσP)A˜[G]
.
Proof. The computation of equivariant Fitting ideals can be done by an adaptation
of the results in [11], section 6. However, we present here an alternative proof. Fix
a maximal ideal M of OE aboveP and let e be the ramification index ofM/P.Then
we have an isomorphism of A˜[G]-modules:
OE
POE
≃ OE
Me
⊗Fq[GP] Fq[G].
Observe that we have an isomorphism of A˜-modules:
O˜E ≃ OE [z]⊗Fq[z] Fq(z).
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Therefore, we have an isomorphism of A˜-modules:
O˜E
MeO˜E
≃ OE
Me
[z]⊗Fq[z] Fq(z).
Now, by [24], OE
Me
[z] is a free OL
P
[z][GP]-module. Thus:
[
O˜E
PO˜E
]A˜[G] = P
m1G.
We observe that:
C˜P ≡ zdτd (mod PA˜{τ}),
where d = degθP. Set:
GP =
GP
IP
.
The natural morphism GP → GP induces a surjective morphism of Fq-algebras
Fq[GP]→ Fq[GP]. If x ∈ Fq[GP], we denote its image in Fq[GP] by x. We have :
(C˜Pm − zdmσP)( O˜E
MO˜E
) = {0}.
Furthermore, observe that:
{x ∈ O˜E
MO˜E
, τ(x) = x} = Fq(z).
Since O˜E
MO˜E
is a free O˜L
PO˜L
[GP]-module of rank one and md = dimFq(z)
O˜L
PO˜L
, by an
adaptation to our case of the proof of [5], Lemma 5.7, and the proof of [5], Lemma
5.8, we deduce that there exists a finite extension F/Fq (simply take the finite
extension of Fq obtained by adjoining the values of the characters of GP) such that
we have an isomorphism of A˜[GP]⊗Fq F -modules:
C˜(
O˜E
MO˜E
)⊗Fq F ≃
A˜[GP]⊗Fq F
((Pm1GP − zdmσP)⊗ 1)A˜[GP]⊗Fq F
.
Therefore, we have an isomorphism of A˜[GP]-modules:
C˜(
O˜E
MO˜E
) ≃ A˜[GP]
(Pm1GP − zdmσP)A˜[GP]
.
This implies that we have an isomorphism of A˜[GP]-modules:
C˜(
O˜E
MO˜E
) ≃ A˜[GP]
(1GP + (P
m − 1)u− zdmσP)A˜[GP]
,
where u = 1|IP|
∑
δ∈IP δ ∈ Fq[IP]. Since, for n ≥ 1, τ(Mn) ⊂Mn+1, we have:
[C˜(
MO˜E
MeO˜E
)]A˜[GP] = [
MO˜E
MeO˜E
]A˜[GP].
Now, observe that:
[
O˜E
MO˜E
]A˜[GP] = 1GP + (P
m − 1)u,
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and:
[
MO˜E
MeO˜E
]A˜[GP] = (P
m − 1)(1GP − u) + 1GP .
Thus:
[C˜(
O˜E
MeO˜E
)]A˜[GP] = P
m1GP − zdmσP.
But we have an isomorphism of A˜[G]-modules:
C˜(
O˜E
PO˜E
) ≃ C˜( O˜E
MeO˜E
)⊗Fq[GP] Fq[G].
We have:
[C˜(
O˜E
PO˜E
)]A˜[G] = det
Fq[G][Z,z]
((1⊗ Z)Id− C˜θ ⊗ 1 | O˜E
PO˜E
⊗Fq Fq[Z]
)Z=θ.
Thus:
[C˜(
O˜E
PO˜E
)]A˜[G] = det
Fq[GP][Z,z]
((1 ⊗ Z)Id− C˜θ ⊗ 1 | O˜E
MeO˜E
⊗Fq Fq[Z]
)Z=θ ⊗ 1G.

If I is a non-zero ideal of OL, recall that we have set:
NL/K(I) = [
OL
I
]A.
Write I = Pe11 · · · ,Pett its decomposition into maximal ideals of OL, we set:
σI =
t∏
j=1
σ
ej
Pj
∈ Fq[G].
By the above Lemma, we get:
L(C˜/(O˜E/O˜L), G) =
∑
I ideal of OL,I 6=(0)
zdegθ NL/K(I)σI
NL/K(I)
∈ (Tz(K∞)[G])×.
Let C be the Carlitz module, i.e. C : A→ A{τ} is the morphism of Fq-algebras
given by:
Cθ = τ + θ.
Then Theorem 2.13 implies Anderson’s log-algebraicity Theorem ([1], see also [5],
[6]). More precisely we have:
Corollary 2.15. Let L/K be a finite extension and let m ≥ 1 be an integer. Let
x ∈ L∞, and set:
ℓm(x) =
∑
a∈A+
Ca(x)
m
a
zdegθ a ∈ L∞[[z]].
If ℓm(x) converges in Tz(L∞), then:
expC˜(ℓm(x)) ∈ A[z][x] ⊂ Tz(L∞).
In that case:
ev(expC˜(ℓm(x))) = expC(ev(ℓm(x))) ∈ A[x] ⊂ L∞.
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Proof. Let P be a monic irreducible element in A and let M be the P th cyclotomic
function field ([25], chapter 12). Recall that M/K is a finite abelian extension of
degree qd − 1 where d = degθ P. Select λP ∈ M× such that CP (λP ) = 0. Then
([25], Proposition 12.9):
OM = A[λP ].
Furthermore, for a ∈ A \ PA, we have ([25], Theorem 12.10):
σaA(λP ) = Ca(λP ).
Also observe, that :
σPA = −
∑
g∈G
g,
where G = Gal(M/K). For a ∈ A+, we set:
σa = σaA.
We get:
L(C˜/(O˜M/A˜), G) = (
∑
a∈A+\PA+
σaz
degθ a
a
)(1 +
zd
∑
g∈G g
P
)−1.
Let n ∈ {1, . . . , qd − 2}, then :
(1 +
zd
∑
g∈G g
P
)λnP = λ
n
P .
Therefore, for n ∈ {1, . . . , qd − 2}, by Theorem 2.13, we have:
L(C˜/(O˜M/A˜), G)λnP =
∑
a∈A+
Ca(λP )
nzdegθ a
a
∈ U(C˜/OM [z]).
This implies that, for n ∈ {1, . . . , qd − 2}, we have:
∀m ≥ 0,
∑
i+j=m
1
Di
∑
a∈A+,j
(Ca(λP )
n)q
i
aqi
∈ A[λP ].
Now, let X be an undeterminate over K. Let τ : K[X ] → K[X ] be the morphism
of Fq-algebras such that ∀x ∈ K[X ], τ(x) = xq. Let n ≥ 1, and set:
∀m ≥ 0, fm(X) =
∑
i+j=m
1
Di
∑
a∈A+,j
(Ca(X)
n)q
i
aqi
∈ K[X ].
Fix an integer m ≥ 0. Then, for all irreducible monic polynomials P in A :
fm(λP ) ∈ A[λP ].
This easily implies that:
fm(X) ∈ A[X ].
We have:
expC˜(
∑
a∈A+
Ca(X)
nzdegθ a
a
) =
∑
m≥0
fm(X)z
m.
Therefore, for all n ≥ 1 :
expC˜(
∑
a∈A+
Ca(X)
nzdegθ a
a
) ∈ XnA[X ][[z]].
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Now, we work in Tz(C∞). Fix an integer n ≥ 1. Then if λ is a torsion point of the
Carlitz module:
ℓn(λ) ∈ Tz(C∞).
Observe that, for all a ∈ A+, we have:
v∞(Ca(λ)) ≥ −1
q − 1 .
Thus there exist xλ ∈ Tz(C∞) and y(X) ∈ K[X ][z] which does not depend on λ,
such that :
v∞(xλ) ≥ 1,
and:
expC˜(ℓn(λ)) = xλ + y |X=λ .
Thus, we have:
∀m ≥ C(n), ∀λ, v∞(fm(λ)) ≥ 1,
where C(n) is a constant depending only on n. But, since for all m ≥ 0 fm(X) ∈
A[X ], we get:
∀m ≥ C(n), fm(X) = 0.

3. Deformation of Drinfeld modules over several variable Tate
algebras
The notion of deformation of a Drinfeld module over Tate algebras as introduced
in section 3.1 has its roots in a remarkable formula obtained by F. Pellarin in
[23]. This formula links a certain one variable L-series to Anderson-Thakur special
function. This formula was fully understood when F. Pellarin and the authors
([5]) found a connection with Taelman’s work ([27]). In this section, we show how
the ideas developed in section 2 can be extended to the situation of deformations
of Drinfeld modules and we will study in details the case of the Carlitz module
leading to the proof of the discrete Greenberg Conjectures. In the last section, we
will construct P -adic L-series attached to deformations of Drinfeld modules.
3.1. Basic properties.
We fix some notation. Let n ≥ 0 be a fixed integer and let t1, . . . , tn, z be
n + 1 indeterminates over K∞. We set k = Fq(t1, . . . , tn), A = k[θ], A˜ = k(z)[θ],
K∞ = k((1θ )), K˜∞ = k(z)((
1
θ )). We denote by v∞ the normalized
1
θ -adic valuation
on K˜∞. Let Tn,z(K∞) be the closure of K∞[t1, . . . , tn, z] in K˜∞, and Tn(K∞) the
closure of K∞[t1, . . . , tn] in K∞. Let τ : K˜∞ → K˜∞ be the continuous morphism
of k(z)-algebras given by τ(θ) = θq. Finally, we set b0(z) = 1, and for m ≥ 1,
bm(z) =
∏m−1
j=0 (z − θq
j
).
Let φ : A→ A{τ} be a Drinfeld A-module defined over A, and write:
φθ =
r∑
j=0
αjτ
j , α0 = θ, αj ∈ A,αr 6= 0, r ≥ 1.
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Let ϕ : A→ A{τ} be the morphism of k-algebras given by:
ϕθ =
r∑
j=0
αjbj(t1) · · · bj(tn)τ j .
We call ϕ the canonical deformation of φ over the Tate algebra Tn(K∞).
There exists a unique element expϕ ∈ K∞{{τ}} such that expϕ ≡ 1 (mod τ)
and:
expϕ θ = ϕθ expϕ .
If we write expφ =
∑
j≥0 ejτ
j , we get:
expϕ =
∑
j≥0
bj(t1) · · · bj(tn)ejτ j .
Observe that by [9], Proposition 2.3, expϕ converges on K∞ and furthermore
expϕ(Tn(K∞)) ⊂ Tn(K∞). Let’s set:
U(ϕ/A) = {x ∈ K∞, expϕ(x) ∈ A}.
Then, by [9], Proposition 2.6, U(ϕ/A) is a A-lattice in K∞, thus a free A-module
of rank one. Let’s also set:
H(ϕ/A) =
K∞
A+ expϕ(K∞)
.
Then, by [9], Proposition 2.6, H(ϕ/A) is a finite dimensional k-vector space and
also a A-module via ϕ. By [9], Theorem 2.7, the following infinite product converges
in K∞ :
L(ϕ/A) :=
∏
P
[ APA ]A
[ϕ( APA )]A
∈ K×∞,
where the product is over the monic irreducible polynomials in A. Since ϕθ ∈
A[t1, . . . , tn]{τ}, we deduce that in fact:
L(ϕ/A) ∈ Tn(K∞)×.
We have the following result ([9], theorem 2.7):
L(ϕ/A)A = [H(ϕ/A)]AU(ϕ/A)(5)
Let’s set:
U(ϕ/A[t1, . . . , tn]) = {x ∈ Tn(K∞), expϕ(x) ∈ A[t1, . . . , tn]}.
Lemma 3.1. We have that [H(ϕ/A)]A ∈ A[t1, . . . , tn], and:
[H(ϕ/A)]AU(ϕ/A[t1, . . . , tn]) = L(ϕ/A)A[t1, . . . , tn].
Proof. By a similar argument to that used in the proof of Proposition 2.3, we
have that U(ϕ/A) if equal to the k-vector space spanned by U(ϕ/A[t1, . . . , tn]).
Recall that Tn(K∞) is a unique factorization domain ([12], chapter 3). Now, select
ε ∈ U(ϕ/A[t1, . . . , tn]) such that:
U(ϕ/A) = Aε.
Observe that for δ ∈ Fq[t1, . . . , tn] \ {0}, we have:
A[t1, . . . , tn] ∩ δTn(K∞) = δA[t1, . . . , tn].
26 BRUNO ANGLE`S AND FLORIC TAVARES RIBEIRO
This implies that we can assume that ε is a primitive element in Tn(K∞), i.e. the
elements of Fq[t1, . . . , tn] \ {0} that divides ε in Tn(K∞) are only the elements in
F×q . Then by formula (5), there exists x ∈ k× such that:
L(ϕ/A) = [H(ϕ/A)]Axε.
But L(ϕ/A) ∈ Tn(K∞)× and ε is primitive, since [H(ϕ/A)]A is monic, this implies
that [H(ϕ/A)]A ∈ A[t1, . . . , tn], ε ∈ Tn(K∞)×, and:
L(ϕ/A) = λ[H(ϕ/A)]Aε,
for some λ ∈ F×q . Now let m ∈ U(ϕ/A[t1, . . . , tn]). By formula (5), there exists x ∈
Fq[t1, . . . , tn] \ {0} such that x[H(ϕ/A)]Am ∈ A[t1, . . . , tn]L(ϕ/A). But L(ϕ/A) ∈
Tn(K∞)× and Tn(K∞) is a unique factorization domain, thus [H(ϕ/A)]Am ∈
A[t1, . . . , tn]L(ϕ/A). 
Let’s set:
H(ϕ/A[t1, . . . , tn]) =
Tn(K∞)
A[t1, . . . , tn] + expϕ(Tn(K∞)
.
We observe that there exists an integer N ≥ 1 such that expϕ induces a bi-
jective morphism of Fq[t1, . . . , tn]-modules on
1
θN Fq[t1, . . . , tn][[
1
θ ]]. Since we have
Tn(K∞) = A[t1, . . . , tn] ⊕ 1θFq[t1, . . . , tn][[ 1θ ]], we deduce that H(ϕ/A[t1, . . . , tn])
is a finitely generated Fq[t1, . . . , tn]-module and also an A[t1, . . . , tn]-module via
ϕ. Furthermore, the k-vector space spanned by Tn(K∞) is dense in K∞, thus the
natural inclusion Tn(K∞) ⊂ K∞ induces an isomorphism of A-modules:
H(ϕ/A[t1, . . . , tn])⊗Fq[t1,...,tn] k ≃ H(ϕ/A).(6)
However, note that the mapH(ϕ/A[t1, . . . , tn])→ H(ϕ/A) induced by the inclusion
Tn(K∞) ⊂ K∞ is not injective in general.
Let ϕ˜ be the canonical z-deformation of ϕ, i.e. : ϕ˜ : A˜→ A˜{τ} is the morphism
of k(z)-algebras given by:
ϕ˜θ =
r∑
j=0
αjbj(t1) · · · bj(tn)zjτ j .
There exists a unique element expϕ˜ ∈ K˜∞{{τ}} such that expϕ˜ ≡ 1 (mod τ) and:
expϕ˜ θ = ϕ˜θ expϕ .
We have:
expϕ˜ =
∑
j≥0
bj(t1) · · · bj(tn)ejzjτ j .
By [9], Proposition 2.3, expϕ˜ converges on K˜∞ and furthermore expϕ˜(Tn,z(K∞)) ⊂
Tn,z(K∞). Let’s set:
U(ϕ˜/A˜) = {x ∈ K˜∞, expϕ˜(x) ∈ A˜}.
Then, by [9], Proposition 2.6, U(ϕ˜/A˜) is an A˜-lattice in K˜∞. Let’s also set:
H(ϕ˜/A˜) =
K˜∞
A˜+ expϕ˜(K˜∞)
.
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Then, by [9], Proposition 2.6, H(ϕ˜/A˜) is a finite dimensional k(z)-vector space. By
[9], Theorem 2.7, the following infinite product converges in K˜∞ :
L(ϕ˜/A˜) :=
∏
P
[ A˜
P A˜
]
A˜
[ϕ˜( A˜
P A˜
)]
A˜
∈ K˜∞
×
,
where the product is over the monic irreducible polynomials in A. Since ϕ˜θ ∈
A[t1, . . . , tn, z]{τ}, we have:
L(ϕ˜/A˜) ∈ Tn,z(K∞)×.
We have the following formula ([9], theorem 2.7):
L(ϕ˜/A˜)A˜ = [H(ϕ˜/A˜)]
A˜
U(ϕ˜/A˜)(7)
Let’s set:
U(ϕ˜/A[t1, . . . , tn, z]) = {x ∈ Tn,z(K∞), expϕ˜(x) ∈ A[t1, . . . , tn, z]},
and:
H(ϕ˜/A[t1, . . . , tn, z]) =
Tn,z(K∞)
A[t1, . . . , tn, z] + expϕ˜(Tn,z(K∞))
.
As for ϕ, H(ϕ˜/A[t1, . . . , tnz]) is a finitely generated Fq[t1, . . . , tn, z]-module and the
inclusion Tn,z(K∞) ⊂ K˜∞ induces an isomorphism of A˜-modules:
H(ϕ˜/A[t1, . . . , tnz])⊗Fq[t1,...,tn,z] k(z) ≃ H(ϕ˜/A˜).
Proposition 3.2. We have:
H(ϕ˜/A˜) = {0}.
Furthermore:
U(ϕ˜/A[t1, . . . , tn, z]) = L(ϕ˜/A˜)A[t1, . . . , tn, z].
Proof. The proof of the first assertion is similar to that of Proposition 2.4. For the
convenience of the reader, we give its proof.
We have:
Tn,z(K∞) = Tn(K∞)⊕ zTn,z(K∞).
Since ∀x ∈ Tn,z(K∞), expϕ˜(x) ≡ x |z=0 (mod zTn,z(K∞)), we deduce that the
multiplication by z gives rise to an exact sequence of A[t1, . . . , tn, z]-modules:
0→M → H(ϕ˜/A[t1, . . . , tn, z])→ H(ϕ˜/A[t1, . . . , tn, z])→ 0,
where M = {x ∈ H(ϕ˜/A[t1, . . . , tn, z]), zx = 0}.
This implies that H(ϕ˜/A[t1, . . . , tn, z])⊗Fq[t1,...,tn] k is a finitely generated and tor-
sion k[z]-module. Thus we get the desired assertion.
We deduce the second assertion by formula (7) and a similar proof to that of
Lemma 3.1. 
We set:
uφ(t1, . . . , tn; z) = expϕ˜(L(ϕ˜/A˜)) ∈ A[t1, . . . , tn, z].(8)
Since expφ˜ : Tn,z(K∞) → Tn,z(K∞) is an injective morphism of Fq[t1, . . . , tn, z]-
modules, we have that:
uφ(t1, . . . , tn; z) 6= 0.
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Remark 3.3. Select π˜ a period of the Carlitz module (well-defined modulo F×q ).
Let h ∈ {0, . . . , q − 2} such that h ≡ n (mod q − 1). Observe that π˜hK∞ is an
A-module via φ and that expφ(π˜
hK∞) ⊂ π˜hK∞. Therefore if expφ is not injective
on π˜hK∞, there exists πφ,h ∈ π˜hK∞ \ {0} such that:
Ker(expφ : π˜
hK∞ → π˜hK∞) = Aπφ,h.
Now observe that:
ω(t1) · · ·ω(tn)
π˜h
∈ Tn(K∞),
where for j = 1, . . . , n, we have set:
ω(tj) = expC(
π˜
θ
)
∏
k≥0
(1− tj
θqk
)−1 ∈ π˜Tn(K∞)×.
Furthermore, for f ∈ Tn(K∞), we have:
ω(t1) · · ·ω(tn) expϕ(f) = expφ(ω(t1) · · ·ω(tn)f).
Therefore, expϕ is injective on Tn(K∞) if and only if expφ is injective on π˜
hK∞.
Otherwise :
Ker(expϕ : Tn(K∞)→ Tn(K∞)) = A[t1, . . . , tn]
πφ,h
ω(t1) · · ·ω(tn) .
We assume now that expϕ is not injective on Tn(K∞). Observe that:
πφ,h
ω(t1) · · ·ω(tn) ∈ Tn(K∞)
×.
By similar arguments than those used in the proof of Lemma 3.1, we deduce that
there exists a ∈ A[t1, . . . , tn] which is monic as a polynomial in θ such that:
U(ϕ/A[t1, . . . , tn]) = A[t1, . . . , tn]
πφ,h
aω(t1) · · ·ω(tn) .
Therefore, there exists λ ∈ F×q such that:
L(ϕ/A)
[H(ϕ/A)]A
= λ
πφ,h
aω(t1) · · ·ω(tn) .
3.2. Evaluation at z = 1.
We keep the hypothesis and notation of section 3.1. Let’s consider the continuous
morphism of Fq[t1, . . . , tn]-algebras ev : Tn,z(K∞)→ Tn(K∞) given by:
∀f ∈ Tn,z(K∞), ev(f) = f |z=1 .
Then:
Ker ev = (z − 1)Tn,z(K∞).
Furthermore, for f ∈ Tn,z(K∞), we have:
ev(expϕ˜(f)) = expϕ(ev(f)),
ev(ϕ˜θ(f)) = ϕθ(ev(f)).
This implies that ev gives rise to an isomorphism of A[t1, . . . , tn]-modules:
H(ϕ˜/A[t1, . . . , tn, z])
(z − 1)H(ϕ˜/A[t1, . . . , tn, z]) ≃ H(ϕ/A[t1, . . . , tn]).
Let’s set:
USt(ϕ/A[t1, . . . , tn]) = ev(U(ϕ˜/A[t1, . . . , tn, z])).
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Clearly USt(ϕ/A[t1, . . . , tn]) is a sub-A[t1, . . . , tn]-module of U(ϕ/A[t1, . . . , tn]), and
by Proposition 3.2, we have:
USt(ϕ/A[t1, . . . , tn]) = L(ϕ/A)A[t1, . . . , tn].
In particular, by Lemma 3.1, we have an isomorphism of A[t1, . . . , tn]-modules:
U(ϕ/A[t1, . . . , tn])
USt(ϕ/A[t1, . . . , tn])
≃ A[t1, . . . , tn]
[H(ϕ/A)]AA[t1, . . . , tn]
.
Let α : Tn,z(K∞) → Tnz(K∞) be the morphism of Fq[t1, . . . , tn, z]-modules given
by:
∀f ∈ Tn,z(K∞), α(f) =
expϕ˜(f)− expϕ(f)
z − 1 .(9)
Let’s set:
H(ϕ˜/A[t1, . . . , tn, z])[z − 1] = {x ∈ H(ϕ˜/A[t1, . . . , tn, z]), (z − 1)x = 0}.
Observe that H(ϕ˜/A[t1, . . . , tn, z])[z − 1] is an A[t1, . . . , tn]-module via ϕ˜.
Proposition 3.4. The map α induces an isomorphism of A[t1, . . . , tn]-modules:
U(ϕ/A[t1, . . . , tn])
USt(ϕ/A[t1, . . . , tn])
≃ H(ϕ˜/A[t1, . . . , tn, z])[z − 1].
Proof. The above result can be proved along the same lines as that of the proof of
Proposition 2.6. For the convenience of the reader, we give a proof. The map expϕ˜
induces the exact sequence of A[t1, . . . , tn, z]-modules :
0→M1 →M2 →M3 → 0.
where
M1 :=
Tn,z(K∞)
U(ϕ˜/A[t1, . . . , tn, z])
; M2 :=
Tn,z(K∞)
A[t1, . . . , tn, z]
; M3 := H(ϕ˜/A[t1, . . . , tn, z]).
Thus, by the snake Lemma, we get a long exact sequence:
0 −→M1[z − 1] −→M2[z − 1] −→M3[z − 1] −→
−→ M1
(z − 1)M1 −→
M2
(z − 1)M2 −→
M3
(z − 1)M3 −→ 0.
Now, we observe that the map ev induces isomorphisms of A[t1, . . . , tn]-modules:
M1
(z − 1)M1 ≃
Tn(K∞)
USt(ϕ/A[t1, . . . , tn])
,
M2
(z − 1)M2 ≃
Tn(K∞)
A[t1, . . . , tn]
,
M3
(z − 1)M3 ≃ H(ϕ/A[t1, . . . , tn]).
Observe also that:
(z − 1)Tn,z(K∞) ∩ A[t1, . . . , tn, z] = (z − 1)A[t1, . . . , tn, z].
Therefore:
M2[z − 1] = {0}.
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Let δ :M3[z−1]→ M1(z−1)M1 be the map given by the snake Lemma. Let x ∈M3[z−
1] and select y ∈ Tn,z(K∞) such that x ≡ y (mod A[t1, . . . , tn, z]+expϕ˜(Tn,z(K∞)).
Then:
(z − 1)y = expϕ˜(m) + h,
where m ∈ Tn,z(K∞) and h ∈ A[t1, . . . , tn, z]. We get:
δ(x) = m (mod (z − 1)Tn,z(K∞) + U(ϕ˜/A[t1, . . . , tn, z])).
But we have:
ev((z − 1)y) = expϕ(ev(m)) + ev(h) = 0.
Thus β = ev(m) ∈ U(ϕ/A[t1, . . . , tn]). Thus:
δ(x) ≡ β (mod (z − 1)Tn,z(K∞) + U(ϕ˜/A[t1, . . . , tn, z])).
Furthermore:
(z−1)y ≡ expϕ˜(β)−expϕ(β) (mod (z−1) expϕ˜(Tn,z(K∞))+(z−1)A[t1, . . . , tn, z]),
and therefore:
α(β) ≡ x (mod expϕ˜(Tn,z(K∞)) +A[t1, . . . , tn, z]).
Therefore, we get an exact sequence of A[t1, . . . , tn]-modules:
0 −→ H(ϕ˜/A[t1, . . . , tn, z])[z − 1] −→ Tn(K∞)
USt(ϕ/A[t1, . . . , tn])
−→
−→ Tn(K∞)
A[t1, . . . , tn]
−→ H(ϕ/A[t1, . . . , tn]) −→ 0,
where the exact sequence Tn(K∞)USt(ϕ/A[t1,...,tn]) →
Tn(K∞)
A[t1,...,tn]
→ H(ϕ/A[t1, . . . , tn])→ 0 is
induced by expϕ, and where the map H(ϕ˜/A[t1, . . . , tn, z])[z−1]→ Tn(K∞)USt(ϕ/A[t1,...,tn])
sends x ∈ H(ϕ˜/A[t1, . . . , tn, z])[z − 1] to β for some β ∈ U(ϕ/A[t1, . . . , tn]) such
that α(β) ≡ x (mod Tn,z(K∞) +A[t1, . . . , tn, z]). 
Let ddz : Tn,z(K∞){{τ}} → Tn,z(K∞){{τ}} be the map defined by:
d
dz
(
∑
i≥0
fiτ
i) =
∑
i≥0
d
dz
(fi)τ
i, fi ∈ Tn,z ,
where ddz (
∑
i≥0 xiz
i) =
∑
i≥1 ixiz
i−1, xi ∈ Tn(K∞). We set:
exp(1)ϕ =
∑
j≥1
jbj(t1) · · · bj(tn)ejτ j .(10)
Corollary 3.5. The map exp
(1)
ϕ induces a morphism of A[t1, . . . , tn]-modules:
U(ϕ/A[t1, . . . , tn])
USt(ϕ/A[t1, . . . , tn])
→ H(ϕ/A[t1, . . . , tn]).
Let H(1)(ϕ/A[t1, . . . , tn]) be the image of the above map. The kernel of the above
map is isomorphic as an A[t1, . . . , tn]-module to:
H(ϕ˜/A[t1, . . . , tn, z])[(z − 1)2]
H(ϕ˜/A[t1, . . . , tn, z])[z − 1] ,
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where H(ϕ˜/A[t1, . . . , tn, z])[(z − 1)2] = {x ∈ H(ϕ˜/A[t1, . . . , tn, z]), (z − 1)2x = 0}.
In particular if H(ϕ˜/A[t1, . . . , tn, z])[(z − 1)2] = H(ϕ˜/A[t1, . . . , tn, z])[z − 1], then
we have an isomorphism of A[t1, . . . , tn]-modules:
H(1)(ϕ/A[t1, . . . , tn]) ≃ A[t1, . . . , tn]
[H(ϕ/A)]AA[t1, . . . , tn]
.
Furthermore, in this case,
H(ϕ/A[t1, . . . , tn])
H(1)(ϕ/A[t1, . . . , tn])
is a finitely generated and torsion
Fq[t1, . . . , tn]-module.
Proof. Observe that ev induces a morphism of A[t1, . . . , tn]-modules:
H(ϕ˜/A[t1, . . . , tn, z])[z − 1]→ H(ϕ/A[t1, . . . , tn]).
The kernel of the above map being:
(z − 1)H(ϕ˜/A[t1, . . . , tn, z])[(z − 1)2].
Now observe that, by formula (9), we have :
∀β ∈ U(ϕ/A[t1, . . . , tn]), ev ◦ α(β) = exp(1)ϕ (β).
It remains to apply Proposition 3.4 to obtain the first three assertions. The last
assertion is a direct consequence of (6) 
Question 3.6. Let n ≥ 1.
1) Is it true that H(ϕ˜/A[t1, . . . , tn, z])[(z − 1)2] = H(ϕ˜/A[t1, . . . , tn, z])[z − 1]?
2) Is H(ϕ/A) a cyclic A-module?
Observe that by the above Corollary if 1) is true then 2) is true. Also observe
that 1) has a positive answer if and only if H(ϕ/A[t1,...,tn])
H(1)(ϕ/A[t1,...,tn])
is a finitely generated
and torsion Fq[t1, . . . , tn]-module. We are going to show in the next section that 1)
is true when φ is the Carlitz module.
3.3. The case of the Carlitz module.
In this paragraph φ = C is the Carlitz module, ϕ is the canonical deformation
of C over Tn(K∞), and ϕ˜ is the canonical z-deformation of ϕ.
3.3.1. Some results on units.
Observe that in our case (by [5], Proposition 5.9):
L(ϕ˜/A˜) =
∑
a∈A+
a(t1) · · · a(tn)
a
zdegθ a ∈ Tn,z(K∞)×,
and:
L(ϕ/A) = ev(L(ϕ˜/A)) =
∑
a∈A+
a(t1) · · · a(tn)
a
∈ Tn(K∞)×.
Recall that we have set:
uC(t1, . . . , tn; z) := expϕ˜(L(ϕ˜/A˜)) ∈ A[t1, . . . , tn, z].(11)
Lemma 3.7. If n ∈ {0, . . . , q − 1}, then:
uC(t1, . . . , tn; z) = 1.
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Proof. Note that:
∀j ≥ 0, v∞(bj(t1) · · · bj(tn)
Dj
zj) = jqj − nq
j − 1
q − 1 ,
and
v∞(L(ϕ˜/A˜)− 1) ≥ 1.
Thus, under the assumption of the Lemma, a direct computation gives:
v∞(expϕ˜(L(ϕ˜/A˜))− 1) ≥ 1.
Since uC(t1, . . . , tn; z) ∈ A[t1, . . . , tn, z], we get the desired result. 
Proposition 3.8. Let n ≥ q. Write n = q + r + ℓ(q − 1), ℓ ∈ N, r ∈ {0, . . . , q −
2}.Then uC(t1, . . . , tn; z) viewed as a polynomial in θ is of degree n( q
ℓ−1
q−1 ) − ℓqℓ if
r = 0 and n( q
ℓ+1−1
q−1 ) − (ℓ + 1)qℓ+1 if r 6= 0. Furthermore the leading coefficient of
uC(t1, . . . , tn; z) viewed as a polynomial in θ is :
if r = 0, (−1)ℓzℓ(1− z).
if r 6= 0, (−1)n(ℓ+1)zℓ+1.
Proof. We prove the result for r = 0, the proof of the Proposition being similar in
the remaining cases. For i ≥ 0, observe that τ i(L(ϕ˜/A˜)) and (−1)i bi(t1)···bi(tn)Di are
monic. We have:
∀i ≥ 0, v∞(bi(t1) · · · bi(tn)z
i
Di
τ i(L(ϕ˜/A˜))) = iqi − n(q
i − 1
q − 1 ).
Set, for i ≥ 0, αi = (−1)i bi(t1)···bi(tn)Di τ i(L(ϕ˜/A˜)), then αi is monic. We have:
u(t1, . . . , tn; z) =
∑
i≥0
(−1)iαizi.
For i ≥ 0, we have :
((i+ 1)qi+1 − n(q
i+1 − 1
q − 1 ))− (iq
i − n(q
i − 1
q − 1 )) = q
i(q + i(q − 1)− n).
Recall that n = q + ℓ(q − 1), ℓ ∈ N. We get :
v∞(uC(t1, . . . , tn; z)− ((−1)ℓαℓzℓ + (−1)(ℓ+1)αℓ+1zℓ+1)) > v∞(u(t1, . . . , tn; z)).
But αℓ and αℓ+1 are monic, thus:
v∞(uC(t1, . . . , tn; z)− (zℓ(1 − z)(−1)ℓθn(
qℓ−1
q−1 )−ℓqℓ) > v∞(u(t1, . . . , tn; z)).
This proves the assertion. 
Lemma 3.9. Let n ≥ q, n ≡ 1 (mod q − 1). Then:
uC(t1, . . . , tn; z) ∈ (z − 1)A[t1, . . . , tn, z].
Proof. By [5], Lemma 6.8 and Remark 3.3, expϕ : Tn(K∞) → Tn(K∞) is not
injective if and only if n ≡ 1 (mod q − 1). If n ≡ 1 (mod q − 1), then:
Ker(expϕ : Tn(K∞)→ Tn(K∞)) = A[t1, . . . , tn]
π˜
ω(t1) · · ·ω(tn) .
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Furthermore, if n ≥ q, n ≡ 1 (mod q − 1), we have ([5], Proposition 7.2):
U(ϕ/A[t1, . . . , tn]) = Ker expϕ |Tn(K∞)= A[t1, . . . , tn]
π˜
ω(t1) · · ·ω(tn) .(12)
Recall that L(ϕ/A)A[t1, . . . , tn] = USt(ϕ/A[t1, . . . , tn]) ⊂ U(ϕ/A[t1, . . . , tn]). For
n ≥ q, n ≡ 1 (mod q − 1), we get by (11):
uC(t1, . . . , tn; 1) = ev(uC(t1, . . . , tn; z)) = expϕ(L(ϕ/A)) = 0.

Let’s set:
B(t1, . . . , tn) = [H(ϕ/A)]A ∈ A[t1, . . . , tn].
We recall that if n ≤ 2q − 2, by [5], Remark 5.3, we have H(φ/A[t1, . . . , tn]) = {0}
and therefore B(t1, . . . , tn) = 1.
3.3.2. The case n 6≡ 1 (mod q − 1).
In this section, we assume that n 6≡ 1 (mod q − 1).
Theorem 3.10. H(ϕ/A[t1, . . . , tn]) is a finitely generated and torsion Fq[t1, . . . , tn]-
module. In particular:
B(t1, . . . , tn) = 1.
Proof.
Let r ∈ {2, . . . , q − 1} such that n ≡ r (mod q − 1). We can assume n > r. Set :
N = {x ∈ Tn(K∞), v∞(x) ≥ n− r
q − 1 }.
Then, since n−rq−1 >
n−q
q−1 , we have :
N = expϕ(N) ⊂ expϕ(Tn(K∞)).
Observe that:
Tn(K∞) =
1
θ
n−r
q−1−1
A[t1, . . . , tn]⊕N.
Set :
E =
Tn(K∞)
A[t1, . . . , tn] +N
.
Observe that E is a free and finitely generated Fq[t1, . . . , tn]-module of rank
n−r
q−1−1.
In order to prove the Theorem, it is enough to prove that there exists λ ∈ Tn(K∞),
v∞(λ) = 0, such that if we write in E :
k ∈ {1, . . . , n− r
q − 1 − 1}, expϕ(θ
−kλ) =
n−r
q−1 −1∑
j=1
βj,k(λ)θ
−j , βj,k(λ) ∈ Fq[t1, . . . , tn],
then det((βj,k(λ))j,k) ∈ Fq[t1, . . . , tn] \ {0}.
Let ψ : A→ Tn(K∞){τ} be the morphism of Fq-algebras given by :
ψθ = (t1 − θ) · · · (tr − θ)τ + θ.
Let expψ = 1 +
∑
j≥1
bj(t1)···bj(tr)
Dj
τ j . By Lemma 3.7, we have:
expψ(L(ψ/A)) = 1.
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Set:
η =
1
ω(tr+1) · · ·ω(tn) ∈ Tn(K∞)
×.
We refer the reader to Remark 3.3 for the definition of ω(t). Observe that v∞(η) =
n−r
q−1 . We have :
∀x ∈ Tn(K∞), expφ(ηx) = η expψ(x).
Thus, for k ≥ 0 :
expφ(θ
kL(ψ/A)η) = ηψθk(1).
We set λ = (−θ)n−rq−1 L(ψ/A)η, note that λ ∈ Tn(K∞), and v∞(λ) = 0. For k ∈
{1, . . . , n−rq−1 − 1}, recall that we write in E :
expφ(θ
−kλ) =
n−r
q−1 −1∑
j=1
βj,k(λ)θ
−j , βj,k(λ) ∈ Fq[t1, . . . , tn].
Let ev0 : Tn(K∞) → K∞ be the surjective morphism of Fq-algebras given by
ev0(f) = f |t1=···=tn=0 . Then ev0((−θ)
n−r
q−1 η) = 1. Let ̺ : A → A{τ} be the
morphism of Fq-algebras given by:
̺θ = ϕθ |t1=···=tn=0= (−1)nθnτ + θ.
Then clearly:
exp̺ = expϕ |t1=···=tn=0 .
We have:
{x ∈ K∞, v∞(x) ≥ n− r
q − 1 } = ev0(N) ⊂ exp̺(K∞).
Furthermore E′ := K∞A⊕ev0(N) is a finite dimensional Fq-vector space of dimension
n−r
q−1 − 1. Therefore, for k ∈ {1, . . . , n−rq−1 − 1}, we have in E′ :
exp̺(θ
−k) =
n−r
q−1−1∑
j=1
ev0(βj,k(λ))θ
−j .
A direct computation yields for k ≥ 0 :
ev0(expϕ(θ
kL(ψ/A)η)) ∈ (−θ)−n−rq−1 θk + (−θ)k+1− n−rq−1 A.
This implies: for k, j ∈ {1, . . . , n−rq−1 − 1}, ev0(βk,k(λ)) 6= 0 and ev0(βj,k(λ)) = 0 if
j > k. Thus det((ev0(βj,k(λ))j,k) ∈ F×q , and therefore:
det((βj,k(λ))j,k) ∈ Fq[t1, . . . , tn] \ {0}.
The last assertion of the Theorem is then a consequence of (6).

Let’s set:
M(ϕ/A[t1, . . . , tn]) = {ϕa(uC(t1, . . . , tn; 1)), a ∈ A[t1, . . . , tn]},
and its radical
√M(ϕ/A[t1, . . . , tn]) is defined as
{b ∈ A[t1, . . . , tn], ∃a ∈ A[t1, . . . , tn] \ {0}, ϕa(b) ∈ M(φ/A[t1, . . . , tn])}.
Note that, for n ≥ 1,M(ϕ/A[t1, . . . , tn]) is a free A[t1, . . . , tn]-module of rank one.
We will need the following Lemma:
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Lemma 3.11. Let n ≥ 2 be an integer (we don’t assume in this Lemma that
n 6≡ 1 (mod q − 1)). Let u ∈ A[t1, . . . , tn] \ {0} be such that its leading coefficient
as a polynomial in θ is in F×q . Let c ∈ A such that ϕc(u) ∈ A[t1, . . . , tn], then
c ∈ A[t1, . . . , tn].
Proof.
For k ≥ 1, let’s write:
ϕθk =
k∑
j=0
[θk, j]τ j , [θk, j] ∈ A[t1, . . . , tn].
Then:
degθ[θ
k, j] = qj(k − j) + n(q
j − 1
q − 1 ),
and the leading coefficient of [θk, j] (viewed as a polynomial in θ) lies in F×q . Observe
that, since n ≥ 2, we have:
j = 0, . . . , k − 1, degθ[θk, k] > degθ[θk, j].
This implies that if a, b ∈ A[t1, . . . , tn] \ {0}, we have:
degθϕa(b) = q
degθ(a)degθb+ n(
qdegθa − 1
q − 1 ),
and the leading coefficient of ϕa(b) viewed as a polynomial in θ is (up to an element
in F×q ) the leading coefficient of a times the leading coefficient of b.
Write c = δ−1a, δ ∈ Fq[t1, . . . , tn] \ {0} and a ∈ A[t1, . . . , tn]. Write a = δb + d,
where b, d ∈ A[t1, . . . , tn] such that d = 0 or the leading coefficient of d is not
divisible by δ. Then:
ϕd(u) ∈ δA[t1, . . . , tn].
But, by the above discussion, if d 6= 0, the leading coefficient of ϕd(u) is equal (up
to an element in F×q ) to the leading coefficient of d. Thus δ would divide the leading
coefficient of d which is a contradiction and therefore d = 0 and c ∈ A[t1, . . . , tn]. 
Corollary 3.12. Let n ≥ 1, n 6≡ 1 (mod q − 1). We have:√
M(ϕ/A[t1, . . . , tn]) =M(ϕ/A[t1, . . . , tn]).
Proof. Let b ∈√M(ϕ/A[t1, . . . , tn])\{0}, then there exist a, c ∈ A[t1, . . . , tn]\{0},
such that:
ϕa(b) = ϕc(uC(t1, . . . , tn; 1)).
By Proposition 3.8, the leading coefficient of uC(t1, . . . , tn; 1) is in F
×
q . By (11):
uC(t1, . . . , tn; 1) = expϕ(L(ϕ/A)).
Since (recall that n 6≡ 1 (mod q − 1)) ϕa : K∞ → K∞ is an injective map, we get:
b = expϕ(
cL(ϕ/A)
a
).
But by Theorem 3.10 and (5), we have:
expϕ−1(A) = L(ϕ/A)A.
This implies:
cL(ϕ/A)
a
∈ L(ϕ/A)A.
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Thus a must divide c in A. By Lemma 3.11, we have that a divides c in A[t1, . . . , tn]
and therefore b ∈ M(ϕ/A[t1, . . . , tn]). 
Remark 3.13. We briefly treat the case n = 0. In this case ϕ = C is the Carlitz
module and M(C/A) = {Ca(1), a ∈ A}. Observe that:
K∞ = logC(1)A⊕M∞,
where M∞ = {x ∈ K∞, v∞(x) ≥ 1} and where logC ∈ K{{τ}} is the Carlitz
logarithm (see [13], section 3.4). Therefore:
expC(K∞) =M(C/A)⊕M∞.
This implies:
A ∩ expC(K∞) =M(C/A).
Thus: √
M(C/A) =M(C/A).
Furthermore observe that if q ≥ 3, M(C/A) is a free A-module of rank one and if
q = 2, we have an isomorphismm of A-modules:
M(C/A) ≃ A
(θ(θ + 1))A
.
3.3.3. The case n ≡ 1 (mod q − 1).
In this section, we assume that n ≥ q and n ≡ 1 (mod q − 1). Recall that, by
Lemma 3.9, we have :
uC(t1, . . . , tn; 1) = 0.
Therefore, for n ≥ q, we set:
u
(1)
C (t1, . . . , tn; z) =
d
dz
uC(t1, . . . , tn; z) ∈ A[t1, . . . , tn, z].
Observe that, if we set N = {x ∈ Tn(K∞), v∞(x) > n−qq−1 }, then:
Tn(K∞) =
π˜
ω(t1) · · ·ω(tn)A[t1, . . . , tn]⊕N.
Furthermore , by (12), we get:
N = expϕ(N) = expϕ(Tn(K∞)).
Proposition 3.14.
We set E = Tn(K∞)N viewed as an A[t1, . . . , tn]-module via ϕ. Then exp
(1)
ϕ induces
an injective morphism of A[t1, . . . , tn]-modules :
exp(1)ϕ : E →֒ E.
Proof. Recall that by (12), we have:
U(ϕ/A[t1, . . . , tn]) =
π˜
ω(t1) · · ·ω(tn)A[t1, . . . , tn].
By (11), we have:
exp(1)ϕ (L(ϕ/A)) ≡ u(1)C (t1, . . . , tn; 1) (mod N).
Furthermore, for x ∈ U(ϕ/A[t1, . . . , tn]), using the fact that expϕ˜ θ = ϕ˜θ expϕ˜ and
that expϕ(x) = 0, we have:
exp(1)ϕ (θx) ≡ ϕθ(exp(1)ϕ (x)) (mod N).
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Also observe that:
exp(1)ϕ (N) ⊂ N.
Let x ∈ Tn(K∞) such that there exists a ∈ A[t1, . . . , tn] \ {0}, a monic as a poly-
nomial in θ, with ϕa(x) = 0 in E. Then, by [5], proof of Corollary 6.5, we have:
x ∈ expϕ(Tn(K∞)) = N.
By Proposition 3.8,we have that u
(1)
C (t1, . . . , tn; 1) ∈ A[t1, . . . , tn] \ {0}, and since
ϕB(t1,...,tn)(exp
(1)
ϕ (U(ϕ/A[t1, . . . , tn])) ≡ u(1)C (t1, . . . , tn; 1)A[t1, . . . , tn]) (mod N),
and A[t1, . . . , tn] ∩N = {0}, we deduce the assertion of the Proposition. 
Lemma 3.15. We have:
exp(1)ϕ (
π˜
ω(t1) · · ·ω(tn) ) ≡
(−1)n−qq−1
θ
n−q
q−1
(mod N).
Proof. We first notice that :
v∞(
π˜
ω(t1) · · ·ω(tn) −
(−1)n−qq−1
θ
n−q
q−1
) >
n− q
q − 1 .
For i ≥ 2, we also have that:
v∞(
bi(t1) · · · bi(tn)τ i( π˜ω(t1)···ω(tn) )
Di
) >
n− q
q − 1 .
Furthermore, observe that:
τ(
π˜
ω(t1) . . . ω(tn)
) =
π˜q
(t1 − θ) · · · (tn − θ)ω(t1) · · ·ω(tn) .
Finally, observe that :
v∞(
π˜q
(θq − θ)ω(t1) · · ·ω(tn) −
(−1)n−qq−1
θ
n−q
q−1
) >
n− q
q − 1 .

Lemma 3.16. Let a ∈ A[t1, . . . , tn] \ {0}, a monic as a polynomial in θ. If
ϕa(
1
θ
n−q
q−1
) ∈ A[t1, . . . , tn] + expϕ(Tn(K∞)),
then degθ(a) ≥ n−qq−1 .
Proof. Write a = θr +
∑r−1
i=0 aiθ
i, ai ∈ Fq[t1, . . . , tn]. Set b = a |tj=0,j=1,···n . Let
̺ : A → A{τ} be the Drinfeld A-module of rank one given by ̺θ = (−1)nθnτ + θ.
We have:
Ker(exp̺ : K∞ → K∞) =
π˜
expC(
π˜
θ )
n
A
We easily deduce that:
exp̺(K∞) = {x ∈ K∞, v∞(x) >
n− q
q − 1 }.
Since ϕa(
1
θ
n−q
q−1
) ∈ A[t1, . . . , tn] + expϕ(Tn(K∞)), we have :
̺b(
1
θ
n−q
q−1
) ∈ A+ exp̺(K∞).
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We observe that, for n−qq−1 ≥ ℓ ≥ 1, we have :
̺θ(
1
θℓ
) ≡ 1
θℓ−1
(mod
1
θℓ−2
A).
Thus, for 0 ≤ i ≤ n−qq−1 − 1, we get:
̺θi(
1
θ(n−q)/(q−1)
) ≡ 1
θ(n−q)/(q−1)−i
(mod
1
θ(n−q)/(q−1)−i−1
A).
This implies that r ≥ n−qq−1 . 
Theorem 3.17. The module H(1)(ϕ/A[t1, . . . , tn]) is the sub-A[t1, . . . , tn]-module
of H(ϕ/A[t1, . . . , tn]) generated by the image of
1
θ(n−q)/(q−1)
in H(ϕ/A[t1, . . . , tn]).
We have an isomorphism of A[t1, . . . , tn]-modules:
H(1)(ϕ/A[t1, . . . , tn]) ≃ A[t1, . . . , tn]
B(t1, . . . , tn)A[t1, . . . , tn]
.
Furthermore, H(ϕ/A[t1,...,tn])
H(1)(ϕ/A[t1,...,tn])
is a finitely generated and torsion Fq[t1, . . . , tn]-
module.
Proof. Set:
V = {x ∈ U(ϕ/A[t1, . . . , tn]), exp(1)ϕ (x) ∈ A[t1, . . . , tn] +N}.
We have:
USt(ϕ/A[t1, . . . , tn]) = L(ϕ/A)A[t1, . . . , tn] ⊂ V.
Observe that the k-vector space W generated by V is a free A-module of rank one
and, by (5), that G := [U(ϕ/A)W ]A divides B(t1, . . . , tn) in A. Thus G ∈ A[t1, . . . , tn].
This implies:
V = GU(ϕ/A[t1, . . . , tn]).
We have :
exp(1)ϕ (
Gπ˜
ω(t1) · · ·ω(tn) ) ∈ A[t1, . . . , tn] +N.
Therefore, by Lemma 3.15:
ϕG(
1
θ
n−q
q−1
) ∈ A[t1, . . . , tn] +N.
Thus by Lemma 3.16, we get that degθG ≥ n−qq−1 , and since G divides B(t1, . . . , tn),
we get G = B(t1, . . . , tn), i.e.:
V = USt(ϕ/A[t1, . . . , tn]).
By Proposition 3.14 and the above equality, the map exp
(1)
ϕ induces an injective
morphism of A[t1, . . . , tn]-modules:
U(ϕ/A[t1, . . . , tn])
USt(ϕ/A[t1, . . . , tn])
→֒ H(ϕ/A[t1, . . . , tn]).

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Let’s set (recall that n ≥ q):
M(ϕ/A[t1, . . . , tn]) = {ϕa(u(1)C (t1, . . . , tn; 1)), a ∈ A[t1, . . . , tn]},
and define its radical
√M(ϕ/A[t1, . . . , tn]) by
{x ∈ A[t1, . . . , tn], ∃a ∈ A[t1, . . . , tn] \ {0}, ϕa(x) ∈M(ϕ/A[t1, . . . , tn])}.
By the proof of Proposition 3.14, M(ϕ/A[t1, . . . , tn]) is a free A[t1, . . . , tn]-module
of rank one.
Corollary 3.18. We have:√
M(ϕ/A[t1, . . . , tn]) =M(ϕ/A[t1, . . . , tn]).
Proof. Let b ∈√M(ϕ/A[t1, . . . , tn])\{0}, then there exist a, c ∈ A[t1, . . . , tn]\{0},
such that:
ϕa(b) = ϕc(u
(1)
C (t1, . . . , tn; 1)).
Let E′ = K∞N ′ where N
′ = {x ∈ K∞, v∞(x) > n−qq−1 }. By an adaptation of the proofs
of Proposition 3.14 and Theorem 3.17, we have:
L(ϕ/A)A+N ′ = {x ∈ K∞, exp(1)ϕ (x) ∈ A+N ′}.
This implies that exp
(1)
ϕ induces an isomorphism of k-vector spaces:
K∞
L(ϕ/A)A+N ′ ≃
K∞
A+N ′
.
Therefore, there exists d ∈ A such that we have the following equality in E′ :
b = ϕd(u
(1)
C (t1, . . . , tn; 1)).
Since b, u
(1)
C (t1, . . . , tn; 1) ∈ A, this implies the equality in K∞ :
b = ϕd(u
(1)
C (t1, . . . , tn; 1)).
By an adaptation of the proof of Proposition 3.14, for x ∈ A \ {0}, φx : E′ → E′ is
an injective morphism of A-modules. In particular, we get:
ad = c.
Again, since E′ has no torsion point for ϕ, we get in E′ :
b = ϕc/a(u
(1)
C (t1, . . . , tn; 1)).
Since A ∩ N ′ = {0}, this equality is also true in K∞. By Proposition 3.8, the
leading coefficient of u
(1)
C (t1, . . . , tn; 1) is in F
×
q . Now apply Lemma 3.11, we get
c
a ∈ A[t1, . . . , tn] and therefore b ∈M(ϕ/A[t1, . . . , tn]).

Remark 3.19. When n = 1, then we already mentioned that H(φ/A[t1]) = {0}.
Furthermore, by Lemma 3.7, we have:
uC(t1; 1) = 1.
So we set, in this case:
M(ϕ/A[t1]) = {ϕa(1), a ∈ A[t1]},√
M(ϕ/A[t1]) = {x ∈ A[t1], ∃b ∈ A[t1] \ {0}, ϕb(x) ∈M(ϕ/A[t1])}.
We have:
ϕθ−t1(1) = 0.
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Furthermore:
U(ϕ/A) = L(ϕ/A)A,
and:
Ker(expφ : T1(K∞)→ T1(K∞)) =
π˜
ω(t1)
A[t1].
By [5], Lemma 7.1 , we have an isomorphism of A[t1]-modules:
M(ϕ/A[t1]) ≃ A[t1]
(θ − t1)A[t1] .
In particular M(ϕ/A[t1]) = Fq[t1]. But, since M(ϕ/A[t1]) ⊂ expϕ(T1(K∞)), we
get:
√M(ϕ/A[t1]) ⊂ expϕ(K∞) ∩ A = expϕ(U(ϕ/A)). Thus:
√M(ϕ/A[t1]) ⊂
expϕ(U(ϕ/A)). Note that we have an isomorphism of A-modules:
expϕ(U(ϕ/A)) ≃
A
(θ − t1)A ,
and expϕ(U(ϕ/A))is the A-module (via ϕ) generated by 1. In particular, we have
expϕ(U(ϕ/A)) = Fq(t1). Thus:
expϕ(U(ϕ/A)) ∩ T1(K∞) =M(ϕ/A[t1]).
Therefore, we also have in this case:√
M(ϕ/A[t1]) =M(ϕ/A[t1]).
3.4. P -adic L-series.
Let n ≥ 0 be an integer. Let φ : A → A{τ} be a Drinfeld A-module defined
over A, and let ϕ be its canonical deformation over Tn(K∞), ϕ˜ be the canonical
z-deformation of ϕ (see section 3.1).
Let logφ ∈ K{{τ}} (respectively logϕ ∈ Tn(K∞){{τ}}, logϕ˜ ∈ Tn,z(K∞){{τ}})
be the unique element such that logφ ≡ 1 (mod τ) and :
logφ φθ = θ logφ (respectively logϕ ϕθ = θ logϕ, logϕ˜ ϕ˜θ = θ logϕ˜).
Write:
logφ =
∑
j≥0
ljτ
j , lj ∈ K,
then:
logϕ =
∑
j≥0
bj(t1) . . . bj(tn)ljτ
j and logϕ˜ =
∑
j≥0
bj(t1) . . . bj(tn)ljz
jτ j .
Now, we fix P a monic irreducible element of A of degree d ≥ 1. Let vP : K →
Z ∪ {+∞} be the P -adic valuation on K.
Lemma 3.20. For n ≥ 0, we have:
vP (ln) ≥ −[n
d
],
where for x ∈ R, [x] denotes the integer part of x.
Proof. We have for n ≥ 1 :
(θ − θqn)ln =
n−1∑
j=0
ljα
qj
n−j ,
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where φθ =
∑
j≥0 αjτ
j , and αj ∈ A, αj = 0 for j ≥ r + 1 where r is the rank of φ.
Set ℓ0 = 1 and for j ≥ 1, ℓj =
∏j−1
k=1(θ − θq
k
). Then, we deduce that:
∀n ≥ 0, ln = an
ℓn
, an ∈ A.

Let KacP be an algebraic closure of KP , where KP is the P -adic completion of
K. Let CP be the completion of K
ac
P equipped with the P -adic valuation vP :
CP → Q ∪ {+∞} (vP (P ) = 1). We denote by vP the P -adic Gauss valuation on
CP [t1, . . . , tn, z], i.e. if f =
∑
i1,...,in,j∈N xi1,...,in,jt
i1
1 · · · tinn zj , xi1,...,in,j ∈ CP , then
vP (f) = Inf{vP (xi1,...,in,j), i1, . . . , in, j ∈ N}.
Let Tn,z(CP ) be the completion of CP [t1, . . . , tn, z] for vP , and let Tn(CP ) be the
closure of CP [t1, . . . , tn] in Tn,z(CP ).
We denote by Tn,z(KP ) the closure of K[t1, . . . , tn, z] in Tn,z(CP ), and Tn(KP )
the closure of K[t1, . . . , tn] in Tn,z(CP ). We also denote by AP the closure of
A[t1, . . . , tn] in Tn(KP ), and A˜P the closure of A[t1, . . . , tn, z] in Tn,z(KP ). Fi-
nally let O = {x ∈ CP , vP (x) ≥ 0}, and let O˜ be the closure of O[t1, . . . , tn, z] in
Tn,z(CP ), and O be the closure of O[t1, . . . , tn] in Tn,z(CP ).
We still denote by τ the continuous morphism of Fq(t1, . . . , tn, z)-algebras τ :
Tn,z(CP )→ Tn,z(CP ), ∀x ∈ CP , τ(x) = xq.
Lemma 3.21. ϕ˜ extends by continuity to a morphism of Fq[t1, . . . , tn, z]-algebras :
ϕ˜ : A˜P → A˜P {{τ}}.
Proof. Observe that:
ϕ˜P = P + fτ, f ∈ A[t1, . . . , tn, z]{τ}.
This implies that, for m ≥ 1, we have:
ϕ˜Pm =
m−1∑
k=0
akτ
k + fmτ
m, a0, . . . , am−1 ∈ A[t1, . . . , tn, z], fm ∈ A[t1, . . . , tn, z]{τ},
with the property:
k ∈ {0, . . . ,m− 1}, vP (ak) ≥ m− k.
This implies that if x ∈ PmA[t1, . . . , tn, z] for some m ≥ 1, we get:
ϕ˜x =
m−1∑
k=0
bkτ
k + gmτ
m, b0, . . . , bm−1 ∈ A[t1, . . . , tn, z], gm ∈ A[t1, . . . , tn, z]{τ},
with the property:
k ∈ {0, . . . ,m− 1}, vP (bk) ≥ m− k.
Thus, if (an)n≥0 is a Cauchy sequence for vP of elements in A[t1, . . . , tn, z], then
the sequence (ϕ˜an)n≥0 converges in A˜P {{τ}}. 
Observe that O˜ is an A[t1, . . . , tn, z]-module via ϕ˜, and by the above Lemma
{x ∈ O˜, vP (x) > 0} is an A˜P -module via ϕ˜.
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Lemma 3.22. logϕ˜ induces an injective morphism of Fq[t1, . . . , tn, z]-modules:
logϕ˜,P : O˜→ Tn,z(CP ),
such that:
∀a ∈ A[t1, . . . , tn, z], ∀x ∈ O˜, logϕ˜,P (ϕ˜a(x)) = a logϕ˜,P (x).
Furthermore, if x ∈ O˜, vP (x) > 0, we have:
logϕ˜,P (x) =
∑
j≥0
bj(t1) · · · bj(tn)zj ljτ j(x),
and:
∀a ∈ A˜P , logϕ˜,P (ϕ˜a(x)) = a logϕ˜,P (x).
Proof. Let’s set:
M = {x ∈ O˜, vP (x) > 0}.
Observe that we have a direct sum of Fq[t1, . . . , tn, z]-modules:
O˜ = Fq[t1, . . . , tn, z]⊕M,
where Fq is the algebraic closure of Fq in CP . By Lemma 3.20, logϕ˜ converges on
M and we have the last assertion of the Lemma by Lemma 3.21. Furthermore, for
x ∈ M, we have:
vP (ϕ˜P (x)) ≥ Inf{qvP (x), vP (x) + 1}.
This implies that there exists an integer m depending on x such that:
logϕ˜(x) =
1
Pm
logϕ˜(ϕ˜Pm(x)) ∈
1
Pm
M,
and again by Lemma 3.20:
vP (logϕ˜(ϕ˜Pm(x)) = vP (ϕ˜Pm(x)).
Now, we observe that O˜ is an A[t1, . . . , tn, z]-module via ϕ˜ without torsion. This
implies that logϕ˜ :M→ Tn,z(CP ) is injective.
Now, let m ≥ 1,m ≡ 0 (mod d). Let:
M =
Fqm [t1, . . . , tn, z]⊕M
M .
Then M is a finitely generated and a free Fq[t1, . . . , tn, z]-module and also an
A[t1, . . . , tn, z]-module via ϕ˜. This implies that M is a torsion A[t1, . . . , tn, z]-
module. Thus there exists a ∈ A[t1, . . . , tn, z] ∩ Tn,z(KP )× such that:
ϕ˜a(Fqm) ⊂M.
Now, let x ∈ O˜. By the above discussion, there exists b ∈ A[t1, . . . , tn, z]∩Tn,z(KP )×
such that:
ϕ˜b(x) ∈M.
We set:
logϕ˜,P (x) =
1
b
logϕ˜(ϕ˜b(x)).
This does not depend on the choice of b. 
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Recall that:
L(ϕ˜/A˜) =
∏
Q
[ A˜
QA˜
]
A˜
[ϕ˜( A˜
QA˜
)]
A˜
∈ Tn,z(K∞)×,
where Q runs through the monic irreducible elements in A. Thus:
(
[ A˜
P A˜
]
A˜
[ϕ˜( A˜
P A˜
)]
A˜
)−1L(ϕ˜/A˜) =
∏
Q6=P
[ A˜
QA˜
]
A˜
[ϕ˜( A˜
QA˜
)]
A˜
∈ Tn,z(K∞)×.
Now, by (8), we have the formal equality in K(t1, . . . , tn)[[z]] :
L(ϕ˜/A˜) = logϕ˜(uφ(t1, . . . , tn; z)).
Therefore, we define LP (ϕ˜/A˜) by the formal equality in K(t1, . . . , tn)[[z]] :
LP (ϕ˜/A˜) = (
[ A˜
P A˜
]
A˜
[ϕ˜( A˜
P A˜
)]
A˜
)−1L(ϕ˜/A˜).
Theorem 3.23. LP (ϕ˜/A˜) converges in A˜P and we have the equality in Tn,z(KP ) :
LP (ϕ˜/A˜) =
[ϕ˜( A˜
P A˜
)]
A˜
P
logϕ˜,P (uφ(t1, . . . , tn; z)).
Proof. Let ρ : A→ A{τ} be the Drinfeld A-module given by:
ρθ =
r∑
j=0
αjP
qj−1τ j ,
where φθ =
∑r
j=0 αjτ
j . Let ̺ be the canonical deformation of ρ over Tn(K∞) and
˜̺ be the canonical z-deformation of ̺. Then:
log˜̺ =
∑
j≥0
bj(t1) · · · bj(tn)P qj−1ljzjτ j ,
where logφ =
∑
j≥0 liτ
i. By (8), we have the formal identity in K(t1, . . . , tn)[[z]] :
L(˜̺/A˜) = log˜̺(uρ(t1, . . . , tn; z)).
But, by Lemma 3.20, we have:
∀j ≥ 0, vP (bj(t1) · · · bj(tn)P qj−1lj) ≥ qj − 1− [ j
d
].
This implies that L(˜̺/A˜) converges in A˜P . Let Q be a monic irreducible element in
A prime to P . The multiplication by P gives rise to an isomorphism of A˜-modules:
˜̺( A˜
QA˜
) ≃ ϕ˜( A˜
QA˜
).
This implies that we have the following equality in K(t1, . . . , tn)[[z]] :
L(˜̺/A˜) = LP (ϕ˜/A˜).
Therefore we get the first assertion of the Theorem. The second assertion is a
consequence of (8) and Lemma 3.22.

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Observe that we have analogous constructions for ϕ as that made in Lemma 3.21
and Lemma 3.22. Thus, we have a continuous morphism of Fq[t1, . . . , tn]-modules:
logϕ,P : O→ Tn(CP ),
such that:
∀a ∈ A, logϕ,P (ϕa(x)) = a logϕ,P (x).
But, logϕ,P is no longer injective.
Let ev : Tn,z(CP )→ Tn(CP ), y 7→ y |z=1 . Then:
∀y ∈ O˜, ev(logϕ˜,P (y)) = logϕ,P (ev(y)).
We set:
LP (ϕ/A) = ev(LP (ϕ˜/A˜)) ∈ AP .
We get:
Corollary 3.24. We have the following equality in Tn(KP ) :
LP (ϕ/A) =
[ϕ( APA )]A
P
logϕ,P (uφ(t1, . . . , tn; 1)).
In particular LP (ϕ/A) = 0 if and only if uφ(t1, . . . , tn; 1) is a torsion point for ϕ.
Proof. This is a direct consequence of Theorem 3.23. 
We set:
L(1)P (ϕ/A) = ev(
d
dz
LP (ϕ˜/A˜)) ∈ AP ,
u
(1)
φ (t1, . . . , tn; 1) = ev(
d
dz
uφ(t1, . . . , tn; z)) ∈ A[t1, . . . , tn],
∀a ∈ A[t1, . . . , tn], ϕ(1)a = ev(
d
dz
ϕ˜a) ∈ A[t1, . . . , tn]{τ}.
Proposition 3.25. Let’s assume that uφ(t1, . . . , tn; 1) is a torsion point for ϕ.
Then, in Tn(KP ), L(1)P (ϕ/A) is equal to
[ϕ( APA )]A
P
logϕ,P (u
(1)
φ (t1, . . . , tn; 1)) +
[ϕ( APA )]A
aP
logϕ,P (ϕ
(1)
a (uφ(t1, . . . , tn; 1))),
for any a ∈ A[t1, . . . , tn] which is monic as a polynomial in θ and such that
ϕa(uφ(t1, . . . , tn; 1)) = 0.
Proof. Let’s start with the equality in K(t1, . . . , tn)[[z]] :
L(ϕ˜/A˜) = logϕ˜(uφ(t1, . . . , tn; z)).
We get, for a ∈ A[t1, . . . tn] :
aL(ϕ˜/A˜) = logϕ˜(ϕ˜a(uφ(t1, . . . , tn; z))).
Thus
a
d
dz
L(ϕ˜/A˜) = ( d
dz
logϕ˜)(ϕ˜a(uφ(t1, . . . , tn; z))) + logϕ˜(
d
dz
(ϕ˜a)(uφ(t1, . . . , tn; z)))
+ logϕ˜(ϕ˜a(
d
dz
(uφ(t1, . . . , tn; z)))).
Now, by Remark 3.3, there exists an element a ∈ A[t1, . . . , tn] which is monic as a
polynomial in θ such that:
ϕa(uφ(t1, . . . , tn; z)) = 0.
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The assertion of the Proposition follows from Corollary 3.24 and Theorem 3.23. 
4. Arithmetic of cyclotomic function fields
Let p be an odd prime number and let X be the p-Sylow subgroup of the ideal
class group of Q(e
2iπ
p ). Let ∆ = Gal(Q(e
2iπ
p )/Q) ≃ ( ZpZ )× and let ∆̂ = Hom(∆,Z×p ).
Observe that X is a Zp[∆]-module. For χ ∈ ∆̂, let:
X(χ) = eχX,
where eχ =
1
|∆|
∑
δ∈∆ χ(δ)δ
−1 ∈ Zp[∆].
Let ωp ∈ ∆̂ be the p-adic Teichmu¨ller character. Let χ ∈ ∆̂ be an odd character.
Then by the famous Leopoldt’s Spiegelungssatz ([20]), we have:
dimFp
X(ωpχ
−1)
pX(ωpχ−1)
≤ dimFp
X(χ)
pX(χ)
≤ dimFp
X(ωpχ
−1)
pX(ωpχ−1)
+ 1.
Therefore if X(ωpχ
−1) = {0}, X(χ) is a cyclic Zp-module. In particular, if Van-
diver’s Conjecture is true for the prime p then X(χ) is a cyclic Zp-module for every
odd character χ of conductor p. The cyclicity of X as a Zp[∆]-module is still an
open problem and is conjectured to be true. This problem is sometimes referred as
”The Iwasawa-Leopoldt Conjecture” ([19], page 80), and by the above discussion
Vandiver’s Conjecture implies this cyclicity statement.
In this section, using the ideas developed in sections 2 and 3, we study an analo-
gous question for the case of the P th cyclotomic function field where P is a monic
irreducible element in A. Note that the analogue of Vandiver’s Conjecture is false in
this context ([7]). Furthermore, we are not convinced that the isotypic components
of the ” P -Sylow subgroup ” of Taelman’s class module associated to the P th cyclo-
tomic function field are cyclic AP -modules, where AP is the P -adic completion of
A, even in the case of odd characters (it would be very interesting to exhibit, if they
exist, such examples). However we are able to prove a cyclicity result (Theorem
4.3) that involves the ”derivatives” of Goss P -adic L-series for odd characters. This
result does not seem to have an analogous counterpart in the classical case.
4.1. Dirichlet characters.
Let Fq be the algebraic closure of Fq in C∞. Let ζ ∈ Fq and let Q be the
monic irreducible element in A such that Q(ζ) = 0. The morphism of Fq-algebras
ρζ : A → C∞, a 7→ a(ζ), induces an injective morphism of groups still denoted by
ρζ :
ρζ : (
A
QA
)× → C×∞.
A Dirichlet character is a morphism of groups χ : ( AgA )
× → C×∞, for some g ∈ A+.
We observe that the conductor of χ, fχ ∈ A+, is a square-free monic polynomial.
In this article all Dirichlet characters are assumed to be primitive, i.e. viewed
as defined modulo their conductors. For example, if ζ ∈ Fq, ρζ is a Dirichlet
character of conductor Q, where Q is the monic irreducible polynomial in A such
that Q(ζ) = 0.
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Let χ be a (primitive) Dirichlet character. Then there exist ζ1(χ), . . . , ζm(χ) ∈
Fq, n1(χ), . . . , nm(χ) ∈ {1, . . . , q − 1}, m ≥ 0, such that:
∀a ∈ A,χ(a) =
m∏
j=1
a(ζj(χ))
nj(χ).
Note that the conductor of χ is the least common multiple of the conductors of the
ρζj(χ), j = 1, . . . ,m. The type of χ, s(χ), is defined by:
s(χ) =
m∑
j=1
nj(χ).
For example, the only Dirichlet character of type 0 is the trivial character, and the
Dirichlet characters of type 1 are exactly the ρζ , ζ ∈ Fq. A Dirichlet character, χ,
is called odd if s(χ) ≡ 1 (mod q − 1), and even otherwise.
Let’s select λθ ∈ C∞ such that λq−1θ = −θ. We set:
π˜ = λθθ
∏
j≥1
(1− θ1−qj )−1 ∈ K∞(λθ)×.
Recall that τ : C∞ → C∞ is the continuous morphism of Fq-algebras such that
τ(θ) = θq. Let C be the Carlitz module (recall that Cθ = τ + θ). Then:
Ker(expC : C∞ → C∞) = π˜A.
Observe that:
λθ = expC(
π˜
θ
).
For a ∈ A+, we set: λa = expC( π˜a ) ∈ Fq(( 1λθ )). Let σ : Fq(( 1λθ ))→ Fq(( 1λθ )) be the
continuous morphism of Fq-algebras such that σ(λθ) = λ
q
θ.
Finally, we recall the definition of the Gauss-Thakur sum attached to a Dirichlet
character. Let ζ ∈ Fq and let Q be the monic irreducible element in A such that
Q(ζ) = 0. We set (see also [29]):
g(ρζ) = −
degθ Q−1∑
n=0
∑
a∈A+,n
ρζ(a)
−1Ca(λQ) ∈ Fq(( 1
λθ
))×.
One easily verifies that:
σ(g(ρζ)) = (ζ − θ)g(ρζ).
In particular:
τdegθ Q(g(ρζ)) = σ
degθ Q(g(ρζ)) = (−1)degθ QQg(ρζ).
Also, we have ([29], Proposition I ):
degθ Q−1∑
k=0
g(ρζqk ) = λQ.(13)
Now, let χ be a Dirichlet character. Let ζ1(χ), . . . , ζm(χ) ∈ Fq, n1(χ), . . . , nm(χ) ∈
{1, . . . , q − 1}, m ≥ 0, such that: ∀a ∈ A,χ(a) = ∏mj=1 a(ζj(χ))nj(χ). We set (see
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also [4]):
g(χ) =
m∏
j=1
g(ρζj(χ))
nj(χ).
Then:
σ(g(χ)) =
m∏
j=1
(ζj(χ)− θ)nj(χ) g(χ).(14)
4.2. P -adic Dirichlet-Goss L-series.
Let P be a monic irreducible polynomial in A of degree d. Let Kac be the
algebraic closure of K in C∞ and we fix once for all a K-embedding of Kac in CP .
Let n ≥ 0 be an integer and let t1, . . . , tn, z be n+1 indeterminates over CP . Let’s
set:
LP (t1, . . . , tn; z) =
∑
n≥0
∑
a∈A+,n,a 6≡0 (mod P )
a(t1) . . . a(tn)
a
zn ∈ K[t1, . . . , tn][[z]].
Then by Theorem 3.23:
LP (t1, . . . , tn; z) ∈ Tn,z(KP ).
Let χ be a Dirichlet character. Let ζ1(χ), . . . , ζm(χ) ∈ Fq, n1(χ), . . . , nm(χ) ∈
{1, . . . , q − 1}, m ≥ 0, such that: ∀a ∈ A,χ(a) = ∏mj=1 a(ζj(χ))nj(χ). Let n =
n1(χ) + · · · + nm(χ) be the type of χ. Let’s recall that the value at one of the
Dirichlet-Goss P -adic L-series attached to χ is defined by (see [15]):
LP (1, χ) =
∑
n≥0
∑
a∈A+,n,a 6≡0 (mod P )
χ(a)
a
∈ CP .
Now let η1, . . . , ηn ∈ Fq such that ηn1(χ)+···nj−1(χ)+k = ζj , for k ∈ {1, . . . , nj(χ)},
j = 1, . . . ,m. Let evχ : K[t1, . . . , tn][[z]] → Fq(θ)[[z]], be the K-linear map defined
by:
evχ(f) = f |t1=ζ1,...,tn=ζn .
It is clear that we have:
LP (1, χ) = evχ(LP (t1, . . . , tn; z)) |z=1 .
This implies that, by Corollary 3.24 and Lemma 3.7 and Lemma 3.9, if χ is odd
then:
LP (1, χ) = 0.
Thus, if χ is odd, we set:
L
(1)
P (1, χ) =
d
dz
(evχ(LP (t1, . . . , tn; z)) |z=1∈ CP .
Theorem 4.1. Let χ be a Dirichlet character. Then LP (1, χ) = 0 if and only if χ
is odd. Furthermore, if χ is odd, we have:
L
(1)
P (1, χ) 6= 0.
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Note that the case of characters of conductor P and χ even is treated in [7]
and the non-vanishing result uses Bosser’s P -adic Baker Brumer Theorem (see the
appendix of [7]). In what follows, we propose a new approach which does not use
the P -adic Baker-Brumer Theorem.
We will now work in K[t1, . . . , tn][[z]]. Let
τ : K[t1, . . . , tn][[z]]→ K[t1, . . . , tn][[z]]
be the continuous morphism (for the z-adic topology) of Fq[t1, . . . , tn][[z]]-algebras
such that
∀x ∈ K, τ(x) = xq.
Set :
logn,z =
∑
k≥0
bi(t1) · · · bi(tn)
ℓk
zkτk,
where for j = 1, . . . , n, we recall that b0(tj) = 1 and for i ≥ 1 : bi(tj) =
∏i−1
k=0(tj −
θq
k
), ℓ0 = 1 and for n ≥ 1, ℓn = (θ − θqn)ℓn−1. Then, by (11), there exists
uC(t1, . . . , tn; z) ∈ A[t1, . . . , tn, z] such that we have in K[t1, . . . , tn][[z]] :
∑
k≥0
∑
a∈A+,k
a(t1) · · ·a(tn)
a
zk = logn,z(uC(t1, . . . , tn; z)).(15)
Let χ be a Dirichlet character of type n and conductor f. Recall that, by (14), there
exists η1, . . . , ηn ∈ Fq such that :
σ(g(χ)) = (η1 − θ) · · · (ηn − θ)g(χ).
We set :
uχ(z) = g(χ)uC(t1, . . . , tn; z) |t1=η1,...,tn=ηn∈ g(χ)Fq(η1, . . . , ηn)[θ][z].
Let [χ] = {χqi , i ≥ 0}. Observe that for ψ ∈ [χ], ψ is of type n and conductor f.
We set :
u[χ](z) =
∑
ψ∈[χ]
uψ(z) ∈ A[λf ][z],
and :
u
(1)
[χ] (z) =
d
dz
u[χ](z).
Finally, let ∆f = Gal(K(λf )/K).
Let logC,P : O → CP be the P -adic logarithm for the Carlitz module introduced
in section 3.4, where O = {x ∈ CP , vP (x) ≥ 0}.
Proposition 4.2. Let χ be a Dirichlet character of type n and conductor f.
1) If n 6≡ 1 (mod q − 1), then :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ) logC,P (µ(u[χ](1))).
2) If n ≥ q, n ≡ 1 (mod q − 1), then :
L
(1)
P (1, χ)g(χ) = (1− P−1χ(P ))
1
| ∆f |
∑
µ∈∆f
χ−1(µ) logC,P (µ(u
(1)
[χ] (1))).
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3) If n = 1, we have :
L
(1)
P (1, χ)g(χ) = (1− P−1χ(P ))
1
| ∆f |
1
θ − χ(θ)
∑
µ∈∆f
χ−1(µ) logC,P (µ(λ
q
f )).
Proof. Let’s set :
logσ,z =
∑
k≥0
1
ℓk
zkσk.
If we specialize ti in ηi in the formula (15) and multiply by g(χ), we have the
following equality in Fq(η1, . . . , ηn)[θ][λf ][[z]] :
∑
k≥0
∑
a∈A+,k
χ(a)
a
g(χ)zk = logσ,z uχ(z).
Now, set :
logC,z =
∑
k≥0
1
ℓk
zkτk.
We get the following equality in K[λf ][[z]] (τ acts trivially on z):
∑
ψ∈[χ]
∑
k≥0
∑
a∈A+,k
ψ(a)
a
g(ψ)zk = logC,z u[χ](z).
For µ ∈ ∆f , we have : µ(g(χ)) = χ(µ)g(χ), we therefore deduce that :
| ∆f |
∑
k≥0
∑
a∈A+,k
χ(a)
a
g(χ)zk =
∑
µ∈∆f
χ−1(µ) logC,z µ(u[χ](z)).
Thus:
| ∆f | g(χ)
∑
k≥0
∑
a∈A+,k
χ(a)
a
zk =
∑
µ∈∆f
χ−1(µ) logC,z µ(u[χ](z)).
And finally :
g(χ)
∑
k≥0
∑
a∈A+,k
a 6≡0 mod P
χ(a)
a
zk = (1−P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ) logC,z µ(u[χ](z)).
Recall that :
θ logC,z = logC,z(zτ + θ).
Now, since u[χ](1) can be a P -adic unit, using the functional equation of logC,z if
necessary, we get if χ is even (i.e. n 6≡ 1 (mod q − 1)) :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ) logC,P (µ(u[χ](1))).
Let’s treat the case where χ is odd (i.e. n ≡ 1 (mod q − 1)). If n ≥ q, by Lemma
3.9, we have u[χ](1) = 0. Using again the same technique, we get in this case:
L
(1)
P (1, χ)g(χ) = (1− P−1χ(P ))
1
| ∆f |
∑
µ∈∆f
χ−1(µ) logC,P (µ(u
(1)
[χ] (1))).
Thus, it remains to treat the case n = 1 . First, by formula (13) and Lemma 3.7:
u[χ](z) = λf .
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Therefore, in this case :
g(χ)
∑
k≥0
∑
a∈A+,k
a 6≡0 (mod P )
χ(a)
a
zk = (1− P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ) logC,z µ(λf ).
Now, select λ ∈ Fq such that f is relatively prime to θ + λ. Then :∑
µ∈∆f
χ−1(µ) logC,z µ(λf ) = χ
−1(θ + λ)
∑
µ∈∆f
χ−1(µ) logC,z Cθ+λ(µ(λf )).
Thus g(χ)(χ(θ + λ)− (θ + λ))∑k≥0∑a∈A+,k,a 6≡0 (mod P ) χ(a)a zk is equal to:
(1− P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)(logC,z Cθ+λ(µ(λf ))− (θ + λ) logC,z µ(λf )).
But n = 1, thus χ(θ + λ) = χ(θ) + λ. Thus,
g(χ)(χ(θ) − θ)
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
χ(a)
a
zk
is equal to :
(1− P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)(logC,z Cθ(µ(λf ))− θ logC,z µ(λf )).
Set :
log
(1)
C,z =
∑
k≥0
k
ℓk
zk−1τk.
Then :
log
(1)
C,z(zτ + θ)− θ log(1)C,z = − logC,z τ.
Therefore, for n = 1, we get :
g(χ)L
(1)
P (1, χ) = (1− P−1χ(P ))
1
| ∆f |
1
θ − χ(θ)
∑
µ∈∆f
χ−1(µ) logC,P (µ(λ
q
f )).

Proof of Theorem 4.1 :
We first treat the case where χ is even (i.e. n 6≡ 1 (mod q − 1)). Note that by
Proposition 3.8 and Lemma 3.7, we have :
u[χ](1) 6= 0.
Since χ is even this implies that u[χ](1) is not a torsion point for the Carlitz module,
in particular :
logC,P (u[χ](1)) 6= 0.
But, by the proof of Proposition 4.2, we have :
logC,P (u[χ](1)) =
∑
ψ∈[χ]
(1− ψ(P )
P
)−1LP (1, ψ)g(ψ).
This implies that there exists ψ ∈ [χ] such that :
LP (1, ψ) 6= 0.
ARITHMETIC OF FUNCTION FIELD UNITS 51
Thus, we have to prove that if LP (1, χ) 6= 0, then LP (1, χ 1q ) 6= 0. We are going to
prove it by performing a change of variable.
Set K(q) = Fq(θ
q), observe that K/K(q) is totally ramified at every place of K(q).
Let C(q) be the Carlitz module for A(q) := Aq = Fq[θ
q], i.e. C(q)θq = τ + θ
q. Let
λ
(q)
f(θq) = expC(q)(
π˜(q)
f(θq) ) (this is also equal to λ
q
f ). Then :
K(λf ) = K(λ
(q)
f(θq)).
Furthermore, the restriction map induces an isomorphism of groups :
∆f ≃ ∆(q)f(θq).
This implies that :
∀σ ∈ ∆f , χ(σ) = χ(σ(q)).
Let (.,K(λf )/K) be the Artin map, then for a monic irreducible element Q of A
prime to f :
(Q,K(λf )/K) |K(q)(λ(q)
f(θq )
)
= (Q(θq),K(q)(λ
(q)
f(θq))/K
(q)).
Observe that:
LP (1, χ) =
∑
n≥0
∑
a∈A+,n,a 6≡0 (mod P ),a prime to f
χ((a,K(λf )/K))
a
.
Therefore LP (1, χ) 6= 0 implies that L(q)P (1, χ) 6= 0, where :
L
(q)
P (1, χ) =
∑
n≥0
∑
b∈A(q)+,n,b6≡0 (mod P (θq)),bprime to f(θq)
χ((b,K(q)(λ
(q)
f(θq))/K
(q)))
b
.
But :
L
(q)
P (1, χ) = (LP (1, χ
1
q ))q.
Thus :
LP (1, χ
1
q ) 6= 0.
Now, we turn to the case where χ is odd of type n ≥ q. Again, by Proposition
3.8, we get :
u
(1)
[χ] (1) 6= 0.
Since χ is not of type 1, by formula (13), u
(1)
[χ] (1) is not a torsion point, in particular:
logC,P (u
(1)
[χ] (1)) 6= 0.
Now by the proof of Theorem 4.2:
logC,P (u
(1)
[χ] (1)) =
∑
ψ∈[χ]
(1− ψ(P )
P
)−1L(1)P (1, ψ)g(ψ).
We can conclude as in the even case. It remains to treat the case n = 1. Observe
that λqf is not a torsion point for the Carlitz module. Furthermore by Proposition
4.2, we have :
logC,P (λ
q
f ) =
∑
ψ∈[χ]
(θ − ψ(θ))(1 − ψ(P )
P
)−1L(1)P (1, ψ)g(ψ).
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Again, we can conclude as in the even case. This achieves the proof of Theorem
4.1.
4.3. The class module of the P th cyclotomic function field.
Let P be a monic irreducible element in A of degree d. Recall that λP =
expC(
π˜
P ). Let L = K(λP ), recall that L/K is a finite abelian extension of degree
qd− 1 which is unramified outside P and ∞ ([25], Proposition 12.7). Let’s set ∆ =
∆P = Gal(L/K). Let OL be the integral closure of A in L, one can show that OL =
A[λP ] ([25], Proposition 12.9) and that POL = λ
qd−1
P OL ([25], Proposition 12.7).
Recall that Taelman’s class module associated to L/K and the Carlitz module is
defined by:
H = H(C/OL) =
L∞
OL + expC(L∞)
,
where L∞ = L⊗K K∞. We observe that H is a finite A[∆]-module.
Let AP be the P -adic completion of A, and set:
X = H ⊗A AP .
Then X is a finite AP [∆]-module. For χ ∈ ∆̂ := Hom(∆, A×P ), we set:
X(χ) = eχX,
where eχ =
1
|∆|
∑
δ∈∆ χ(δ)δ
−1 ∈ Fqd [∆].
If χ is an even Dirichlet character, then by [7], Theorem 9.12, we have:
LP (1, χ)X(χ) = {0}.
Furthermore, by [8], Theorem 1, and [16] (see also [3]), if the character χ is odd
and vP (L
(1)
P (1, χ)) = 0, then X(χ) is a cyclic AP -module. In fact, we have:
Theorem 4.3. If χ is an odd Dirichlet character of prime conductor P , then
L
(1)
P (1, χ)X(χ) is a cyclic AP -module.
Proof.
If χ is of type 1, by [7], Theorem 8.7, we have that X(χ) = {0}. Thus we can
assume that χ is of type n ≥ q, n ≡ 1 (mod q − 1). Let η1, . . . , ηn ∈ Fqd such that:
∀a ∈ A,χ(a) = a(η1) · · · a(ηn).
Set exp
(1)
C =
∑
j≥1
j
Dj
τ j . As in Corollary 3.5, combining the isomorphism of
A[∆]-modules given by Proposition 2.6 with the evaluation at z = 1 we obtain a
morphism of A[∆]-modules induced by exp
(1)
C :
(16) ψ :
U(C/OL)
USt(C/OL)
→ H(C/OL).
We will first investigate [e[χ]Cokerψ]A[∆].
We will intensively use the results obtained in section 3.3.3. Let ϕ be the
canonical deformation of the Carlitz module over Tn(K∞) (see section 3.3). Let
evχ : Tn(K∞) → Fq(η1, . . . , ηn)((1θ )) be the surjective map given by evχ(f) =
f |t1=η1,...,tn=ηn . Set:
Ω = L∞ ⊗Fq Fq(η1, . . . , ηn).
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Let σ = τ ⊗ 1 : Ω→ Ω. Then:
eχΩ = g(χ)Fq(η1, . . . , ηn)((
1
θ
)).
Then, by formula (14), we get:
∀f ∈ Tn(K∞), (σ + θ)(g(χ)evχ(f)) = g(χ)evχ(ϕθ(f)).
∀f ∈ Tn(K∞), expC,σ(g(χ)evχ(f)) = g(χ)evχ(expϕ(f)),
where:
expC,σ =
∑
j≥0
1
Dj
σj .
Now, by Theorem 2.13, we have:
eχUSt(C/OL)⊗Fq Fq(η1, . . . , ηn) = A[η1, . . . , ηn]g(χ)L(1, χ),
where L(1, χ) =
∑
a∈A+
χ(a)
a ∈ Fq(η1, . . . , ηn)((1θ ))×. Thus:
eχUSt(C/OL)⊗Fq Fq(η1, . . . , ηn) = g(χ)evχ(USt(ϕ/A[t1, . . . , tn])).
Select v a place of L above ∞, and let π˜v = (0, . . . , O, π˜, 0, . . . , 0) ∈ L∞ =∏
w∈S∞(L) Lw which has zero at all its components except at the component v.
Let’s set:
π˜χ = eχπ˜v ∈ eχΩ.
Then by [7], Proposition 8.4, we have:
Ker(expC,σ |eχΩ) = π˜χA[η1, . . . , ηn].
Since χ is odd and of type > 1, we deduce that:
eχU(C/OL)⊗Fq Fq(η1, . . . , ηn) = π˜χA[η1, . . . , ηn].
Since evχ(B(t1, . . . , tn)) = [eχH(C/OL)⊗Fq Fq(η1, . . . , ηn)]A[η1,...,ηn] ([5], Corollary
9.3), by Lemma 3.1 and [7], Theorem A, Theorem B and Proposition 8.5, we get:
eχU(C/OL)⊗Fq Fq(η1, . . . , ηn) = g(χ)evχ(U(ϕ/A[t1, . . . , tn])).
Set:
exp
(1)
C,σ =
∑
j≥1
j
Dj
σj .
As in the case of section 3.3.3, exp
(1)
C,σ induces a map:
eχΩ
g(χ)N →
eχΩ
g(χ)N ,
where
N = {x ∈ Fq(η1, . . . , ηn)((1
θ
)), v∞(x) >
n− q
q − 1 }
(note that eχΩ = π˜A[η1, . . . , ηn]⊕g(χ)N ). Now, using evχ, the proof of Proposition
3.14 works in this case and the above map is injective.
Observe that:
expC,σ(eχΩ) = g(χ)N ,
eχΩ = π˜χA[η1, . . . , ηn]⊕ g(χ)N .
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Set V = {x ∈ eχΩ, exp(1)C,σ(x) ∈ g(χ)A[η1, . . . , ηn] + g(χ)N}. Then, we have an
injective map induced by exp
(1)
C,σ :
V
g(χ)N →֒
g(χ)A[η1, . . . , ηn]⊕ g(χ)N
g(χ)N .
Note that the map ψ defined in (16) induces a map of A[η1, . . . , ηn]-modules:
ψχ : eχ
U(C/OL)
USt(C/OL)
⊗Fq Fq(η1, . . . , ηn)→
eχΩ
g(χ)A[η1, . . . , ηn]⊕ g(χ)N .
If we consider the proof of Theorem 3.17, there exists a monic polynomial G ∈
A[η1, . . . , ηn] such that:
eχUSt(C/OL)⊗Fq Fq(η1, . . . , ηn) ⊂ Gπ˜χA[η1, . . . , ηn],
Kerψχ =
Gπ˜χA[η1, . . . , ηn]
eχUSt(C/OL)⊗Fq Fq(η1, . . . , ηn)
,
Gπ˜χA[η1, . . . , ηn] + g(χ)N = V.
Let eχM = g(χ)evχ(M(ϕ/A[t1, . . . , tn])). Then we have a natural injective map of
A[η1, . . . , ηn]-modules (induced by exp
(1)
C,σ):
Gπ˜χA[η1, . . . , ηn]⊕ g(χ)N
eχUSt(C/OL)⊗Fq Fq(η1, . . . , ηn)⊕ g(χ)N
g(χ)A[η1, . . . , ηn]⊕ g(χ)N
eχM⊕ g(χ)N
g(χ)A[η1, . . . , ηn]
eχM
thus:
Kerψχ →֒ g(χ)A[η1, . . . , ηn]
eχM .
Let M be the A[∆]-module via C generated by u(1)[χ](1) (see section 4.2) and let√M = {x ∈ OL, ∃a ∈ A \ {0}, Ca(x) ∈M}. Let’s consider the map induced by ψ :
ψ[χ] : e[χ]
U(C/OL)
USt(C/OL)
→ e[χ]H(C/OL).
Then, by the above discussion, we have an injective morphism of A[∆]-modules:
Kerψ[χ] →֒
e[χ]OL
M .
But Kerψ[χ] is a finite A-module, therefore we have an injective morphism of A[∆]-
modules:
Kerψ[χ] →֒
√M
M .
Note that M is a free A-module of rank | [χ] | . Thus, by [22],
√M
M is a finite
A[∆]-module. By Corollary 2.12, we have:
[e[χ]
U(C/OL)
USt(C/OL)
]A[∆] = [e[χ]H(C/OL)]A[∆].
Thus:
[Kerψ[χ]]A[∆] = [Cokerψ[χ]]A[∆].
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Since U(C/OL)USt(C/OL) is A[∆]-cyclic, we have [Kerψ[χ]]A[∆]e[χ]H(C/OL) is A[∆]-cyclic.
But [Kerψ[χ]]A[∆] divides [
√M
M ]A[∆] in A[∆], thus we deduce that the module
[
√
M
M ]A[∆]e[χ]H(C/OL) is A[∆]-cyclic. This in particular implies that :
(FittAP eχ(
√M
M ⊗A AP ))X(χ) isAP−cyclic,
where for M a finite AP -module, FittAPM denotes its Fitting ideal.
Let F be the P -adic completion of L. Let OF be the valuation ring of F and let
P = {x ∈ F, vP (x) > 0}. Recall from section 3.4 that C extends into a morphism of
Fq-algebras C : AP → AP {{τ}}.We denote by C(P) the Fq-vector space P viewed
as an AP -module via C. Then logC,P induces an isomorphism of AP [∆]-modules:
logC,P : C(P
2) ≃ P2.
We also observe that, since χ is odd of type > 1, g(χq
j
)AP = eχqjOF ⊂ P2 for all
j ≥ 0 (this follows for example from [29], Theorem III). In particular:
M,
√
M ⊂ C(P2).
LetM be the P -adic closure ofM in C(P2). Then clearlyM is the AP [∆]-module
generated by u
(1)
[χ] (1). Now, by Proposition 4.2, we have:
logC,P (eχM) = g(χ)L(1)P (1, χ)AP .
By Theorem 4.1, we have an isomorphism of AP -modules:
eχ(M⊗A AP ) ≃ eχM.
Furthermore:
FittAP
eχC(P
2)
eχM
= L
(1)
P (1, χ)AP .
Let
√M be the P -adic closure of √M in C(P2). Then, we have an isomorphism
of AP -modules:
eχ(
√M
M ⊗A AP ) ≃ eχ
√M
M .
Thus:
L
(1)
P (1, χ)AP ⊂ FittAP eχ(
√M
M ⊗A AP ).
The Theorem follows. 
Remark 4.4. Let P be a monic irreducible element in A of degree d. Note that, in
general, for χ odd of conductor P, we have:
L
(1)
P (1, χ)X(χ) 6= {0}.
Indeed, let χP be the P -adic Teichmu¨ller character (observe that this is a Dirichlet
character of type 1), i.e. :
∀a ∈ A,χP (a) ≡ a (mod PAP ).
Let n ∈ {2, . . . , qd − 2}, n ≡ 1 (mod q − 1). Then, by [28], we have:
X(χnP ) 6= {0} if and only if BC(qd − n) ≡ 0 (mod P ),
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where BC(qd − n) denotes the (qd − n)th Bernoulli-Carlitz number (see [13], para-
graph 9.2). Let β(n − 1) be the (n − 1)th Bernoulli-Goss number (see [14], [16],
[18]), then:
L
(1)
P (1, χ
n
P ) ≡ β(n− 1) (mod P ).
For example, for q = 3, P = θ3 − θ − 1, we have (by [13], page 354):
BC(10) =
2θ6 + 2θ4 + 2θ2 + 1
θ3 + 2θ
≡ 0 (mod P ),
and a direct computation shows:
β(16) = θ30 + 2θ28 + 2θ4 + θ2 + 1 ≡ 1 (mod P ).
This implies:
L
(1)
P (1, χ
17
P )X(χ
17
P ) 6= {0}.
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